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. Pln]
Plan of talk

@ Motivation & Problems

@ Orbit graph
Introduce orbit graph of nilpotent orbits for a symmetric pair (G, K)

© Description of orbit graphs
Give a combinatorial description of orbit graphs

@ Induction of orbit graphs
Define induction of orbit graphs, related to connectedness in
codimension one

© Associated varieties of HC-modules
Show connected components of orbit graphs are associated varieties
of certain HC-modules

K. Nishiyama (AGU) Orbit Graph of Associated Varieties 2012/07/17 2 /24



UHFEEs Gzl (o yaEs P2
Nilpotent orbits

G : reductive algebraic group / C
K C G : symmetric subgrp < involution 6

Example of Symmetric Pair (G, K)
G =U(p,q) = {g € GLs(C) | "8lp,q8 = Ipq} Ip,q = diag(lp, —14)
diag embedded
K = U(p) x U(q)

g:=Lie(G)c~ g= t @& s : Cartan decomp
0 (+1) (-1)
Nilpotent variety : N (s) = s NN (g) G N(g), K™ N(s)
Fact 1 : nilpotent variety
o #N(g)/Ad G < oo : 3 fin many # of G-orbits
o #N(s)/AdK < oo : 3 fin many # of K-orbits
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(\VISTIVEVTH WAL I EM Vogan's theorem on associated variety

O € N(g)/G : nilpotent G-orbit ~~
ONs=0,U---UQy : decomp into conn comp
Fact 2 : nilpotent orbits for symmetric pair
e YO; is K-orbit
e O is a symplectic G-variety (Kirillov-Kostant symplectic form)

o O; C O is Lagrangian subvariety, dim Q; = %dim(’) in particular

(m, X) : irreducible HC (g, K)-module
~ AV (X) : associated variety C N (s), K-stable
Fact 3: Associated Variety
o AV (AnnX) = O : irreducible
o AV (X) = Ujle@,-j . irreducible decomp (reducible in general)
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(\VISTIVEVTH WAL I EM Vogan's theorem on associated variety

Vogan's theorem & Definition of orbit graph
Notation: 00 =0\ O codim 9O : codim of 90 in O

Theorem (Vogan, 1991)
Suppose e (m,X) : irreducible HC (g, K)-module

o AV (X) is reducible
= codimdQ; =1 for VO; C AV (X) : irreducible component

We are interested in the boundaries of {O;};

which are codimension one ~ Orbit Graph Ik(0)

O € N(g) ONs=0;U---UQy : decomp into K-orbits

Definition (Tk(O) : orbit graph)
o Vertices : ¥ ={0; |1 < i</} : nilpotent K-orbits
e Edges: O; - 0 < codmd0;NId0; =1 in O; (or 0))
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Structure of Orbit Graph
B How to find out the tructure of Tx(O)?

Strategy:

@ Use Ohta's description of closure ordering
[T. Ohta, Tohoku Math J, 1991]
@ Calculate dimension and determine codim-one-adjacency
~ Find a combinatorial description
© Embedding of Mk(O) into Euclidean space RV
@ Induction of graphs from low rank case

Skip (1) & (2) ~» want to describe (3) & (4) in this talk

type Alll

We are concentrating on type Alll case:
G=GL,DK=GL,xGLg (n=p+q) +— Gr = U(p,q)
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(O] TIAET I Structure of Orbit graph

Closure ordering of nilpotent K-orbits for (GLg, GL3 x GL3)
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Naive but Natural Questions

© How many vertices in Tk(O)? (i.e., how many K-orbits are contained

in a single G-orbit?)
@ Describe explicit structure of Tk (O)
© When is [k(O) connected?

© Find # of conn components of k(O)

@ Pick VZ C ITk(O) : conn component
3 irreducible HC-module X s.t. Z = AV (X)?

@ More generally, pick Z' C Tk(O) : connected subgraph
3 irreducible HC-module X s.t. Z/ = AV (X)?

Some remarks:

@ Notion of admissible orbits ... Ohta(1991), Noél(2001)
@ Orbits with different shapes can share codim 1 boundary
@ Special piece?
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Orbit parametrization ... Signed Young diagram

Young diagram (or partition)  +— nilpotent G-orbits
YD(n) ={\| A+ n} {O0=0,|Xe¥YD(n)}
signed Young diagram (= SYD) <«+— nilpotent K-orbits
SYD(A; p, q) {O7 [ T € SYD(X;p, q)}

Vertices : ¥ (Ik(0))) ={01 | T € SYD(\; p,q)}

Examples of signed Young diagram (p, q) = (4,4)

shape : A =(3,2,2,1) =

|
o (Jordan blocks)

1 R R R

+ =

SYD :

[N
[T
IEXER
[
[T
[+

[+

[+
(IS

[+
[ESNNES
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Express A € YD(n) in different manner
)\:(il,...,il,iz,...,ig,...,ik,...,ik) h>h>->0i>0
= (im®) jm(R) o mUiy m(i;) > 0 (multiplicity)
Among those m(i) rows of length i,
m™ (i) = m}(i) rows begin with
m~ (i) = m7(i) rows begin with | —|
so that m(i) = m™ (i) + m~(i) : multiplicity of /

Example X = (6%,3*2?), (p,q) = (18,16)

n
e

=

n n
+ +

n n
-+ -+

+—  (m™(6),m"(3),m"(2)) =(1,3,0)

[+

L
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Embedding

Define 7 : 7 (Ik(0y)) ~ SYD(X; p, q) — R¥ by

m(T) = (mT (i), m™ (i), ..., m"(ik)) € Z%, C R*
where k is # of different parts in A

m™(i,)'s must satisfy 2 conditions
Q@ 0 < m™(i,) < m(iy) (1<r<k),
@ parity condition :

p—q= % (m*(i)—m (i) =23 m* (i)~ ¥ mli).
i, odd ir odd ir odd
Remark

Difference m*(i,) — m~(i,) contributes only when row length i, is odd
(if even, the same number of +'s and —'s appear)
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Recall the map:
7 ¥ (k(Oy)) ~ SYD(X; p, q) — R*

w(T) = (m* (i), m*(i2),..,m* (ix)) € Z%,
Theorem
The map m so defined is a bijection between
e nilpotent K-orbits {O1 | T € SYD(\; p, q)} and
o Z-lattice points (xj)1<i<k in the hyper cube
[0, m(1)] x [0, m(i2)] % -+ x [0, m(iy)]
satisfying the parity condition :

22 Xr=p—q-+ Z m(i,)

ir odd ir odd

Thus we are left to determine the edges of the orbit graph.
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Theorem (Description of Edge)
Two vertices O, Q1 € ¥ (Ik(O,)) are connected by edge

=  a(T)=n(T)e{x(e,—err1) | 1< r < k—1}U {ex}

Here {e, = (0,...,1,...,0) | 1 < r < k} denotes the std basis

Orbit graph for (p,q) = (6,6), A =(4,3,3,1,1)
Z-lattice pts (x1, x2, x3) in

[0,1] x [0, 2] x [0,2]
parity cond: .
2(x2 + x3) = p — q + #(odd rows) T e

(1,1,1) (1,1,0)

(0,2 1)/ (0,2 o)/
—6-6+2+2=4 e

~~» 2-conn components
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N )3 Q| Strcture of Orbit graph

Orbit graph for (p,q) = (9,9), A =(6,4,4,2,2)
O, : even nilpotent orbit (zil) """"" 7]0)
o = (.2,1,1) ..(.2,1,0) .
Z-lattice pts (x1, x2, x3) in B O s
[0,1] x [0,2] x [0,2] |%_APM1 ........ oo
parity cond: none d T |
No odd parts! / /
/(1 0 1)_. (1,0,0)
. 0,1,1) (0,1,0)
~ Tk(O,) is connected / |
. o0

This always happens for even partitions...
~> 1 generalization
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Connected components of orbit graph
Definition

O, is called even if  V\;'s are all even; or
VA;'s are all odd

[More intrinsic definition] --- Choose {e, h, f} : sl>-triple corr to O

. def c
O is even <= eigenvalues of ad h are all even

Theorem (even nilpotent orbit)
Consider the symmetric pair (G, K) = (GLn, GL, x GLg) (n=p+ q)
Q If O, is even, orbit graph Tk(O)) is connected
@ I/f3r sit. X\ :odd (i<r) , thenTk(O,) is connected
Aj i even (r<j)
© These two cases exhaust Oy with connected orbit graph

Problem

How to control connected components?

v
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(O] HAET  Induction of orbit graphs

Graph reduction

Given a Young diagram A n
~» remove two successive columns of the same length from \ to get \

|
o

h denotes the height of the columns removed

Lemma

(G,K) = (GLp, GL, x GLg)

(G/v K,) = (GLn—2ha GLp’ X GLq’) with (plv q/) = (P — h, q-— h)

= # of conn compnts of Tx(O,) = # of conn compnts of [x/(O},)

This also works for signed Young diagram T € SYD(\; p, q)
~> get a reduction map
® :SYD(X; p,q) = SYD(N; p— h,q — h)
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(O] HAET  Induction of orbit graphs

Graph Induction
Z' ¢ SYD(XN; p',q') : subgraph of I'k/(O’)
(Identify set of vertices with full subgraph)
Definition
Graph induction of Z’ is defined to be

gindig) (2') = gind(Z') = Uprezr @7H(T)

Example

(P, q) = (87 7)v (p/’ q/) = (37 2); N o= (227 1) CA= (42,3’22)

T’ =5 € SYD(X;3,2) ~ g-ind(T') € SYD(A;8,7)
+

+-oe +-oe + - o
d(T) — T — + EIE — + Ik
g-ind(T") = @F + B + b
= = =[]
y
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(O] HAET  Induction of orbit graphs

Example
(pa) = (7

~

), (P, q) = (4,2); N =(2,1%) C \=(4,3%1?)

«o
T

€ SYD(N;4,2) ~ g-ind(T') C SYD(\; 7,5)

o
I
m
]
I
ERERNNEAEY

+- o + - o
. / + = + =
g-ind(T') = B7 —— B
+ +
— +

Theorem
g-ind establishes a bijection between connected components

Z' cTk/(O)) : conn compnt
= g-ind(Z") C Tk(O,) : conn compnt
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- serlElie ot
Associated Graph
X : irred HC (g, K)-module AV (X) = U!_,0; : associated variety
AV (Ann (X)) = O, : G-orbit corr to X

Definition
Associated graph of X denoted as AV (X)
-+ full subgraph in Tk(O,) with vertices {O; | 1 <i < r}
those contribute to AV (X) as irred compnts

Natural question:

o What kind of subgraph is AV (X)?
@ Can it be any subgraph?

Almost Theorem

If X is an irreducible HC-module,
associated graph AV "(X) is a connected subgraph of I(O,)
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Associated varieties of HC-modules BWAGHISEISNAET)))

Theorem (even nilpotent orbit)
O C g : even nilpotent G-orbit
@ Orbit graph Tk(O) is connected

@ 3X : irreducible HC-module s.t. Tx(O) = AVT(X)
AV (X)=0ns
In fact, we can take X = (deg principal series) corr to parabolic
subgrp whose Richardson orbit is O

Example Gg = U(n, n)

Pr =GL(C)x Ng 7, = Indgﬁ |det |” : deg principal series

- AV (1) =
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Associated varieties of HC-modules BWAGHISEISNAET)))

Maximally connected subgraph --- connected compnts of Tk(O)

Keep considering type Alll
G=GL,DK=GL,xGLg (n=p+q) +— Gr=U(p,q)

Theorem (type Alll)

O C g : nilpotent G-orbit
VZ C Tk(O) : conn component
= 3X : HC-module s.t. Z = AV"(X)

B How to produce such HC-module X7

Key fact due to Barbasch-Vogan

VO : K-orbit in s
3 Xp : irred derived functor module s.t. AV (Xg) =0
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Associated varieties of HC-modules BWAGHISEISNAET)))

Recall A and ) ~» remove two successive columns of the same
length h from X to get \

Put n=n-2h(p,qd)=(p—h,qg—h)
(G'.K") = (GLy,GLy x GLg)
Pr : R-psg of Gg = U(p, q) s.t.
Pr ~ (U(p',q') x GL4(C)) x Ng

@ Graph induction brings

conn comp of Tk/(Oy) — conn comp of Ik(O,)

@ Parabolic induction brings
ass var of (g’, K’)-module — ass var of (g, K)-module

In fact they match up!
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Associated varieties of HC-modules BWAGHISEISNAET)))

Gr = U(p, q)
Pr ~ (U(p',q") x GL,(C)) x Ng : psg of Gg

Theorem

X' : HC-module for (g¢', K")-module

X(v) := indgﬁ X' ® |det|”

Then AVT(X(v))) = g-ind AV (X’) holds, i.e. we have

AV (ind (X' ® | det|*)) = g-ind{ S5, (AV (X))

Starting from
o totally disconnected graph and
@ an irred HC-module Xg attached to single O

we can thus construct

e X : HC-module with AVT(X) = (conn comp of k(0))
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