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INTRODUCTION

Problem:

Describe the unitary globalization of a class of cohomologically induced
modules,i.e., build a Hilbert space on which each g € Gg acts by a unitary
operator and the resulting action is irreducible.
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INTRODUCTION

Problem:

Describe the unitary globalization of a class of cohomologically induced
modules,i.e., build a Hilbert space on which each g € Gg acts by a unitary
operator and the resulting action is irreducible.

Method:
Orbit method; build the Hilbert space “from a co-adjoint orbit”.

Goal of the lecture:

Describe the status of the problem for elliptic orbits.
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Set up and Notation:

@ Gg is a connected semisimple Lie group with maximal compact subgroup K.
We let © be the corresponding Cartan involution.

@ We write gr = Lie(Gr); and we let g be the complexification of gg.
© G stands for the complexification of Gg.

Q 0, the differential of ©, induces splittings gr = tg P pr and g =D p
@ G acts on gy via the co-adjoint rep. For A € g let

Lg = Stabg,(A) = {g € Gr : Ad*(g)X = A}
0= G]RAE GR/L]R.
@ In this talk we will work with Elliptic co-adjoint orbits i.e., we let ty be a

compact torus and choose A € t;. (Note that A is semisimple with purely
imaginary eigenvalues.)
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CO-ADJOINT ORBITS

We identify g =~ gr via the Killing form. Observe that A € gg <> X\ € gr.

@ The element X, defines a complex #-stable parabolic subalgebra q = [ & u by
means of

[={X €g:ad(iXy\)X =0}
u={X € g:ad(iXy)X = r X withr > 0}.

The splitting Te(Gr/Lr)c =~ g/l ~ u® U induces an almost complex
structure on Gg/Lg, i.e.

T( G]R/L]R)(C = Tl’O(GR/LR)(C D To’l(G]R/LR)(C
= (GR XLy ﬁ) & (GR XLy u)

that is integrable. Hence, Gg/Lg is a complex manifold.
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CO-ADJOINT ORBITS

We identify g =~ gr via the Killing form. Observe that A € gg <> X\ € gr.

@ The element X, defines a complex #-stable parabolic subalgebra q = [ & u by
means of

[={X €g:ad(iXy\)X =0}
u={X € g:ad(iXy)X = r X withr > 0}.

The splitting Te(Gr/Lr)c =~ g/l ~ u® U induces an almost complex
structure on Gg/Lg, i.e.

T( G]R/L]R)(C = Tl’O(GR/LR)(C D To’l(G]R/LR)(C
= (GR XLy ﬁ) & (GR XLy u)

that is integrable. Hence, Gg/Lg is a complex manifold.

@ When Ly is compact T(Ggr/Lgr)c admits an invariant hermitian positive
metric. [Identify Te(jR/L]R)C ~udu. For X,Y € u define

h(X,Y)=—B(X,0Y) where B is the Killing form. h is Lg-invariant and
induces the positive definite hermitian form on T(Ggr/Lg)c.]
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Indefinite Harmonic Theo \ different approach

HOW TO ATTACH A REPRESENTATION TO Gr/Lr >~ Gg - A\ WHEN Gg IS COMPACT?

Lemma:

Let Ggr/Lg be a manifold that admits an invariant complex structure induced by a

complex polarization q. The space of holomorphic homogeneous bundles over
Gr/Lg is in bijection with the space of (Lg, q)-modules.
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HOW TO ATTACH A REPRESENTATION TO Gr/Lr >~ Gg - A\ WHEN Gr IS COMPACT?

Lemma:

Let Ggr/Lg be a manifold that admits an invariant complex structure induced by a
complex polarization q. The space of holomorphic homogeneous bundles over
Gr/Lg is in bijection with the space of (Lg, q)-modules.

e Extend the Lg-module (E, ) to a g-module by making u act trivially. The
bundle attached to (E,7) is

E=Gr xy, E~ Gg x E/ ~where (g ¢,e) ~ (g, m({)e).
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HOW TO ATTACH A REPRESENTATION TO Gr/Lr >~ Gg - A\ WHEN Gr IS COMPACT?

Lemma:

Let Ggr/Lg be a manifold that admits an invariant complex structure induced by a
complex polarization q. The space of holomorphic homogeneous bundles over
Gr/Lg is in bijection with the space of (Lg, q)-modules.

e Extend the Lg-module (E, ) to a g-module by making u act trivially. The
bundle attached to (E,7) is

E=Gr xy, E~ Gg x E/ ~where (g ¢,e) ~ (g, m({)e).

e If U C Gg/Lg is open, then the sheaf of germs of holomorphic sections is
determined by

OE)NU)={f:Uc Gz — E :f(gt) ==(¢)"1f(g) and
m(§)(f(g)) + (r(§) - f)(g) =0 forall £ € u}

where r stands for right action.
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Borel-Weil Theorem

Let Gg - A >~ Gr/Lg be a co-adjoint orbit with complex polarization ¢ = [ & u. Fix
bh C I a Cartan subalgebra and fix A([)*. Let x € b* is dominant for A()* and
let E, be the Lg-rep. with highest weight x. Let I'(Gr/Lg,&,) be the space of
holomorphic sections of the corresponding bundle with its Gg-action. If x + p is

regular and
(x + p,a) <0 forall a € Au),

then I'(Gr/Lr,Ey) is an irreducible rep. of Gg.
All irreducible rep. of Gy arise this way.
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Borel-Weil Theorem

Let Gg - A >~ Gr/Lg be a co-adjoint orbit with complex polarization ¢ = [ & u. Fix
bh C I a Cartan subalgebra and fix A([)*. Let x € b* is dominant for A()* and
let E, be the Lg-rep. with highest weight x. Let I'(Gr/Lg,&,) be the space of
holomorphic sections of the corresponding bundle with its Gg-action. If x + p is
regular and

(x + p,a) <0 forall a € Au),

then I'(Gr/Lr,Ey) is an irreducible rep. of Gg.
All irreducible rep. of Gy arise this way.

Relevant to the proof of the Theorem are:

e The classification of irred. rep. of a compact group (Theorem of the highest
weight) and

e Frobenious reciprocity Homg, (V, T (Gr/Lr, Ey)) =~ Hom, (V, E).

e Unitarity essentially follows from the fact that continuous functions on a
compact manifold are 2. We'll get back to this as we need to consider more
general situations.
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EXAMPLES OF ELLIPTIC CO-ADJOINT ORBITS

Gr = U(p, q) in the usual realization. t = diag(xi,...,xp) X diag(y1, ..., yq)-
o If A =idiag(l,...,1)) x diag(0,...,0), then
D=Gg-A=U(p,q)/U(p) x U(q) = Gr/Kr.
This particular elliptic orbit is a Stein manifold and T(D)¢ admits an
hermitian positive metric.

o If A =idiag(1,...,1,0,...,0)) x diag(0,...,0), then
D=Gg-A=U(p,q)/U(r) x Up—r,q)D
U(p) x U(q)/(U(r) x U(p—r) x U(q)) as a compact subvariety.
D is not Stein.
This orbit has the particular property that both fibrations
Gr/(Lr N Kr) — Gr/Kg and Gg/(Lgr N Kr) — Ggr/Lgr are holomorphic.

o If A =diag(a,...a,b,...b) x diag(a,...a,...,a,b,...b), then
D=Gg-A=U(p,q)/U(r,s) x Up—r,qg—>s).
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HOwW TO ATTACH A REPRESENTATION TO AN ELLIPTIC ORBIT?

Theorem (Harish-Chandra)

Assume that Gg is of hermitian type. Write g = £ @ p and write the Kg invariant
splittingof pasp=pt @ p~ Let q= €D pT. Endow Gg/Kgr with the complex
structure associated to q so that T%1(Gg/Kg) ~ p*. Choose h C £ and

AT = AT(®)UA(pT). If (x+ p,a) >0 for all &« € AT, then the space of
L2-holomorphic sections "' (Gg /Kg, £, ) is an irreducible unitary representation
of GR.
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HoOw TO ATTACH A REPRESENTATION TO AN ELLIPTIC ORBIT?

Theorem (Harish-Chandra)

Assume that Gg is of hermitian type. Write g = £ @ p and write the Kg invariant
splittingof pasp=pt @ p~ Let q= €D pT. Endow Gg/Kgr with the complex
structure associated to q so that T%1(Gg/Kg) ~ p*. Choose h C £ and

AT = AT(®)UA(pT). If (x+ p,a) >0 for all &« € AT, then the space of
L2-holomorphic sections "' (Gg /Kg, £, ) is an irreducible unitary representation
of GR.

Remark:

@ These are the holomorphic discrete series rep. Not all discrete series arise this
way.

@ To obtain realizations of a larger class of representations we need to consider
higher degree cohomology. (Sheaf cohomology H*(Ggr/Lg, O(£).)
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DOLBEAULT COHOMOLOGY

Assume that ¥V — M is a holomorphic vector bundle over a complex manifold.
Let £P9(V) be the space of V-valued diff. forms of type (p, q), i.e. the space of
smooth sections of V @ AP(T*HO(M)) @ A9(T*OV(M)).

The Dolbeault operator 9 : £79(V) — EP9+1(V) is defined as follows. Let
X1,...,Xp be holomorphic vector fields and let Y7y,..., Y be antiholomrphic

vector fields.
P

0w(Y,Y1,...,Yy) = Z(_ )Y w(Y, Y1 YY)

iy

Y (D)WY YL YL Y YL YY),
i<j
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Assume that ¥V — M is a holomorphic vector bundle over a complex manifold.
Let £P9(V) be the space of V-valued diff. forms of type (p, q), i.e. the space of
smooth sections of V @ AP(T*HO(M)) @ A9(T*OV(M)).

The Dolbeault operator 9 : £79(V) — EP9+1(V) is defined as follows. Let
X1,...,Xp be holomorphic vector fields and let Y7y,..., Y be antiholomrphic
vector fields.

P

0w(Y,Y1,...,Yy) = Z(_ )Y w(Y, Y1 YY)

Y (D)WY YL YL Y YL YY),

i<j

Fact: 8° = 0.
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DOLBEAULT COHOMOLOGY

Assume that ¥V — M is a holomorphic vector bundle over a complex manifold.
Let £P9(V) be the space of V-valued diff. forms of type (p, q), i.e. the space of

smooth sections of V @ AP(T*HO(M)) @ A9(T*OV(M)).

The Dolbeault operator 9 : £79(V) — EP9+1(V) is defined as follows. Let
X1, X, be holomorphic vector fields and let Y7y,..., Y be antiholomrphic
vector fields.

>

éw(V,Vl,...,Vq):Zp:( 1Y w(Y, V5. Y.)

Y (D)WY YL YL Y YL YY),
i<j
—2
Fact: 9 = 0.
Definition:

Let M be a complex manifold and let V be a holomorphic vector bundle on M.
The (p, g)-Dolbeault cohomology of M with coefficients in V is

HP9(M, V) = kernel of 9 on EP9(V)/image of d from EPI71(V).
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Theorem (Hon-Wai Wong)

Let V be a finite dimensional (g, Lg)-module. Let V be the G-equivariant
holomorphic vector bundle over Gg/Lg attached to V. Then,

@ Each cohomology space HP9(Ggr/Lg, V) carries a smooth admissible rep. of
Gg.

@ Under some positivity assumption on the highest weight of V/,
H™9(Gr/Lg,V) =0 unless g = s = dim(Kg/Kr N Lg).

© Under some positivity assumption on the highest weight of V/,
H™*(Gg/Lg,V) is non-zero and irreducible.

(%]

H™*(Gr/Lg,V) is the maximal globalization of a cohomologically induced
(g, K)-module.

Remark: A substantial achievement attained by Hon-Wai was to show that the
image of O is closed. Thus, the cohomology admits a Hausdorff topology. Twenty
years earlier W. Schmid proved much of this theorem under the assumption
rankGg = rankKg and L is compact.
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SPECIALIZATION TO Gg CONNECTED AND COMPACT

elet Ggr/Lg be an elliptic orbit with complex polarization ¢ = [ @ u.

e Let b C I be a Cartan subalgebra of g and choose a positive system A™(g,t) so
that A(u) € A*(g, b).
Theorem (Borel-Weil-Bott)

Let V* be an irreducible representation of Ly with highest weight A. Assume that
A is AT-dominant. Then

H%(Gr/Lr, V* @ APu) =
(Gr/Lz WEE i) = dime(Ge/Ly)

where F* is an irreducible rep. of Gg with highest weight \.
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SPECIALIZATION TO Gg CONNECTED AND COMPACT

elet Gg/Lg be an elliptic orbit with complex polarization g = [ D u.

e Let b C I be a Cartan subalgebra of g and choose a positive system A™(g,t) so
that A(u) € A*(g, b).
Theorem (Borel-Weil-Bott)

Let V* be an irreducible representation of Ly with highest weight A. Assume that
A is AT-dominant. Then

H%(Gr/Lp, V* @ A®Pu) =
(Gr/Lz WEE i) = dime(Ge/Ly)

where F* is an irreducible rep. of Gg with highest weight \.

e In order to describe the unitary realization of F* we use Hodge Theory.



Indefinite Harmonic Theory

HoDGE THEORY

@ Recall that our compact complex manifold Gg/Lg admits an invariant
hermitian metric. Hence we have an orthocomplementation operator

*: V@ N(T*((Gr/Lr)c) — V@ A2"P(T*((Gr/Lr)c)

where dimg(Gr/Lg) = 2n.
e If £E™(V) is the space of V-values m-forms, then £™(V) = @ prq=mEP (V).
We have
*: EPT o gnTP—a,

@ There is a well-defined positive definite inner product on the space of
(p, g)-forms. If n1,m € EP9, then

(N1, m2) :/ m A *n2.
Gr/Lr

@ O has a formal adJomt Joperator 9" that is invariant and the Laplace-Beltrami
operator (1 = 89 + 9 0 is both elliptic and self-adjoint.

@ Since O is elliptic, Oy = 0 = 9 is smooth.

e Since (,) is a metric Oy =0 = dip =0 and & ¢ = 0.
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Definition:

LE(GR/LR,EXJF%(u)) = { square integrable (0, s) forms}
H2 = Kernel(O) N L2(Gr/Lr, Ly4250u))-
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Definition:

Lﬁ(GR/LR,EXJrz(;(u)) = { square integrable (0, s) forms}
H2 = Kernel(O) N L2(Gr/Lr, Ly4250u))-

Theorem (Hodge)
Keep the hypothesis of the Borel-Weil-Bott theorem. The map

H2 — HY(Gr/Lg, L, @ AP(u))
w = [w]

is an isomorphism.




Definition:

L2(Gg/Lg, Ly 425(u)) = { square integrable (0, s) forms}
H2 = Kernel(O) N L2(Gr/Lr, Ly250))-

Indefinite Harmonic Theory A different approach

Theorem (Hodge)
Keep the hypothesis of the Borel-Weil-Bott theorem. The map

H2 — HOS(Gr/Lr, L, @ AP(u))
w = [w]

is an isomorphism.

Remark:

@ We know that harmonic forms are closed forms, so the map is well-defined.

@ To prove that the map is surjective, one observes that (I is self-adjoint and
hence (Kernel(0))* = Image(OJ).
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Indefinite Harmonic Theory

A different approach

IS IT POSSIBLE TO USE AN ANALOGUE CONSTRUCTION IN THE NON-COMPACT CASE?

Lemma:

Let Gr/Lg be an elliptic orbit with complex polarization ¢ = [ ¢ u so that
TOY(Gr/Lg) ~ u. Then,

@ Ggr/Lg has an invariant (possibly indefinite) hermitian metric. The metric
can be defined in terms of the Killing form.

@ If Lg is compact, then Gg/Lg has a positive definite invariant metric.
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IS IT POSSIBLE TO USE AN ANALOGUE CONSTRUCTION IN THE NON-COMPACT CASE?

Lemma:

Let Gr/Lg be an elliptic orbit with complex polarization ¢ = [ ¢ u so that
TOY(Gg/Lg) ~ u. Then,

@ Ggr/Lg has an invariant (possibly indefinite) hermitian metric. The metric
can be defined in terms of the Killing form.

@ If Lg is compact, then Gg/Lg has a positive definite invariant metric.

Proof. Let B be the Killing form on g. Set

(& Minv = B(E,7) for &, € u~ T (Gr/Lr).

As B is nondegenerate on g and on I, it is nondegenerate on () = u + 1. Hence

{, )inv is @ nondegerate hermitian form on u. Since (, )i,y is Lg-invariant, there is a
well-defined metric on T*(Gr/Lg)c. The signature is (a, b) with a = dim(p N 1)
and b =dim(eN[4).

When Lg is compact, —B(&, 07) is Lg-invariant and induces a positive metric

(s )pos on T(Gr/Lr)c-
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STRONGLY HARMONIC FORMS

e The formal adjoint of 0 satisfies

(O, M2Yiny = /

GR/LR

@ (), 12 () )ime = / (). T 120 ime = (1,3 72}

G]R/L]R

for compactly supported forms.

e The Laplace-Beltrami operator, [J = 00 + 0 0, is usually not elliptic.
Moreover, Onp =0 = dn = 0.

Definition:

A (0, p)-form n on Gg/Lg is strongly harmonic if 91 = 0 and 5*17 =0. We let
Hp(Gr/Lr, Ly) denote the space of strongly harmonic forms of type (0, p).
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THE HILBERT SPACE

Begin with the positive definite hermitian form (£, 1)pos = —B(&, 67) on
u4u > (To, (Gr/LR))c. As (,)pos is Not Lg-invariant we can not simply
translate to an arbitrary tangent space by simply defining (£x£, €x1)pos = (€, 1) pos-

Proposition:
Write I = {€ € gr : B(¢,m) =0 for all n € [g}. Then

Gr = Kg exp(pR n [fkg) exp(pR N []R)-
The positive metric on the tangent space at xLgr given by

<‘€K,(X)6XP(X (x)) (5) K(x)exp(X ()T ( )> pos

is well-defined and Kg-invariant.
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THE HILBERT SPACE

Begin with the positive definite hermitian form (£, 1)pos = —B(&, 67) on
u4u > (To, (Gr/LR))c. As (,)pos is Not Lg-invariant we can not simply
translate to an arbitrary tangent space by simply defining (£x£, €x1)pos = (€, 1) pos-

Proposition:
Write I = {€ € gr : B(¢,m) =0 for all n € [g}. Then
Gr = Kr exp(pr N Iz) exp(pr N g).
The positive metric on the tangent space at xLg given by
(Lre(x)exp(X(x)) ()5 Lr(x)exp(x(x)) (1)) pos

is well-defined and Kg-invariant.

Definition:

For smooth compactly supported forms set

(1, 02 pos gab = / (w1 (R (x)exp(x)), w2l (x)exp(x)))pos-

GTR/LW




Indefinite Harmonic Theory

INDEFINITE QUANTIZATION

Define Lg’p(GR/LR,LX) : completion of compactly supported smooth (0, p)-forms
with respect to (, )pos,glob-
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INDEFINITE QUANTIZATION

Define Lg’p(GR/LR,LX) : completion of compactly supported smooth (0, p)-forms
with respect to (, )pos,glob-

Definition:

The Ly-strongly harmonic space is

H3(Gr/Lr, Ly) = {w € Lgo’s)(GR/LR,EX) 0w =0and § w = 0 as distribution }.




Indefinite Harmonic Theory
INDEFINITE QUANTIZATION

Define Lg’p(GR/LR,LX) : completion of compactly supported smooth (0, p)-forms
with respect to (, )pos,glob-

Definition:

The Ly-strongly harmonic space is

H3(Gr/Lr, L)) ={w € Lgo’s)(GR/LR,EX) 0w =0and § w = 0 as distribution }.

Remark: For smoothly compactly supported forms set

(W1, W2 )inv.glob = / (wi(x), wa(x))inv-

Gr/Lr

A relevant fact is that the hermitian form (, )inv,giob is bounded above by (,)pos,giob-
Hence, H5(Gr/Lr, L) has an invariant possible indefinite hermitian form.
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Indefinite Harmonic Theory (Rawnsley-Schmid-Wolf)

There is a satisfactory quantization procedure if the following hold.

@ 73 is nonzero.

@ The image of the quotient map q : H3(Gr/Lr, L) = H**(Gr/Lg, Ly)
contains all K-finite cohomology classes.

@ The kernel of g coincides with the radical of (, )inv.glob- -
@ (. )inv, glob IS positive semidefinite on 3.

(5]
HS5 = H3/{nullspace of {, )inv.glob }

is complete with respect to (, )inv,glob-
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Theorem (Rawnsley-Schmid-Wolf)

Assume that Gg/Lg is semisimple symmetric and that the fibrations

GR/(L]R n K]R) — G]R/KR and G}R/(LR n K]R) — G}R/LR are holomorphic. Under
some positivity assumption on y the quantization procedure holds and

(H5, {, )inv, glob) is the unitary globalization of H%*(Gg/Lg, Ly )k —finite-
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Theorem (Rawnsley-Schmid-Wolf)

Assume that Gg/Lg is semisimple symmetric and that the fibrations

G]R/(LR n KR) — G]R/KR and G]R/(L]R n KR) — GR/LR are holomorphic. Under
some positivity assumption on y the quantization procedure holds and

(H5, {, )inv, glob) is the unitary globalization of H%*(Gg/Lg, Ly )k —finite-

@ The holomorphicity assumptions imply that the Gg-rep. on H**(Gr/Lg, L)
is a highest weight module (not every highest weight module arise this way.)

@ The holomorphicity assumptions are used to build explicit and very special
K-finite strongly harmonic forms.

@ The authors use geometric arguments to conclude that the representations
are unitarizable and to build the unitary globalization.
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Theorem

Let Gg/Lgr be an elliptic co-adjoint orbit. Under some positivity assumptions on
X, every K-finite cohomology class in H*$(Gg/Lg, £, ® AP(u)) admits a
strongly harmonic representative.




Indefinite Harmonic Theory

Theorem

Let Gg/Lgr be an elliptic co-adjoint orbit. Under some positivity assumptions on
X, every K-finite cohomology class in H*$(Gg/Lg, £, ® AP(u)) admits a
strongly harmonic representative.

Remarks:

The representatives are explicitly given by integral formulae. This was done in the
90's; the equal rank case jointly with Knapp and Zierau.
The idea of the construction comes from Complex Analysis.

Recall that for the unit ball in R", the Poisson transform maps functions on the
boundary of the ball to harmonic functions on the ball. For the ball in C" the
Szego map transforms functions on the boundary to holomorphic functions on the
ball. For Riemannian Symmetric spaces the Poisson transform produces harmonic
functions with respect to the Euclidean metric.



Indefinite Harmonic Theory

o We place H*$(Ggr/Lgr, Ly @ A™P(u))k_finite as the unique irred. quotient in
an induced module indgﬁ(éM,pL, 1). We define a kind of Szegé map from
indgi(éM, pL, 1) to the space of strongly harmonic forms. When passing to
cohomology the map is onto H%$(Gg/Lg, Ly @ A*P(11)) k—finite- We write the
strongly harmonic representative as Sf with f € indgi((sM,pL, 1).

@ A similar construction for producing strongly harmonic forms holds for
representation in the discrete series.



Indefinite Harmonic Theory

o We place H*$(Ggr/Lgr, Ly @ A™P(u))k_finite as the unique irred. quotient in
an induced module indgﬁ(éM,pL, 1). We define a kind of Szegé map from
indg$(§M, pL, 1) to the space of strongly harmonic forms. When passing to
cohomology the map is onto H%$(Gg/Lg, Ly @ A*P(11)) k—finite- We write the
strongly harmonic representative as Sf with f € indgi((?M,pL, 1).

@ A similar construction for producing strongly harmonic forms holds for
representation in the discrete series.

Theorem (B.-Zierau)

Assume Lg is the fixed-point of an involution and that real ranks of Gg and Lg
coincide. Under some positivity assumption of x, the invariant form (, )iny.glob iS
not identically zero on H5(Gr/Lr, L,). The completion of

H5 = H5/{ nullspace of (, Yinv.glob } With respect to (, )invglob is the unitarity
globalization of H™*(Gr/Lr, Ly )k —finite- In particular, the image of S consists of
strongly harmonic square integrable forms.




Indefinite Harmonic Theory

Recall:
@ Each K-finite cohomology class admits a representative of the form Sf with
f € indg* (om, pr, 1).

@ There is an intertwining map A,, from indgﬁ((SM,pL, 1) to its hermitian dual.
The hermitian form (f, A,, ) ps descends to a hermitian form on the unique
irred. quotient. As the quotient is known to be unitarizable the resulting
form is definite.



Indefinite Harmonic Theory

Recall:

@ Each K-finite cohomology class admits a representative of the form Sf with
f € indg* (om, pr, 1).

@ There is an intertwining map A,, from indgﬁ(dM,pL, 1) to its hermitian dual.
The hermitian form (f, A,, ) ps descends to a hermitian form on the unique
irred. quotient. As the quotient is known to be unitarizable the resulting
form is definite.

Theorem (B. -Zierau)

Every K-finite cohomology class in H%*(Gg/Lg, £, ® A™P(u)) admits a
representative Sf so that (Sf,Sf)iny € LY(Ggr/Lr). Moreover, there is a constant
C so that <Sf,8f>im,yg|ob = C<f,Apo>p5.




Indefinite Harmonic Theory

Remarks:

o As (Sf,Sf)iny € LY(Gr/Lr), we have a well defined (S, Sf)inv.glob Without
the need of an auxiliary metric.

@ The comparison with the hermitian form on the Langlands quotient suggests
that (, )inv.glob is the metric that gives the unitary globalization.

o If C is non-zero the theorem says that
{K-finite image of S}/nullspace of {, )inv.glob admits a definite hermitian
form. The completion is the unitary globalization of the underlying
(g, K)-module.

@ The constant C is related to the realization of the discrete series of M.
[When Lg is compact, Gr/Lgr admits two invariant metrics , (, )inv,glob and
(, )pos,glob- The constant C comes from comparing these metrics.| Schmid
used {, >posvg|ob to realize rep. in the discrete series as a L?>-harmonic space.
We need an indefinite quatization theory for rep. in the discrete series.



A different approach

A DIFFERENT APPROACH

@ By a result of Harish-Chandra every admissible (g, K)-module that is finitely
generated is the Harish-Chandra module of a representation (7, V) of Gg.
There is no “uniqueness” in this statement. Indeed, by work of
Casselman-Wallach and Schmid given (7, V) admissible Gg-rep. on a
reflexive Banach space, then (V¥ 7%), (V> 7°), (V= 7=>=°), (V¥ 77 %)
(analytic, smooth, distribution, hyperfunctions) are smooth rep. all
infinitesimally equivalent to 7.

o A different approach to finding the unitary globalization of
H™*(Gr/Lr, Ly )k —finite is to identify the minimal globalization and to define
an invariant positive definite hermitian form on it.

@ The minimal globalization of H"*(Gr/Lr, Ly )k—finite is the topological dual
of the maximal globalization i.e Dolbeault cohomology space. Tim Bratten
proved that the minimal globalization is given by H>"~*(Gg/Lg, L})
compactly supported cohomology.



A different approach

e The space of invariant hermitian forms on H®"~*(Gg/Lg, L}) is the space of
Gg-intertwining maps from H2"~%(Gg/Lg, L) to its hermitian dual,
Hn’s(GR/I_]R, ,C;’()

Vogan identifies this space with the diag(Gg x Gg)-invariant real forms on
H(mm)(s:9)(Gg /Lg x Gr/Lg, Fy) with F induced by the invariant hermitian
pairings on L. Under our assumptions this is a one dimensional space.

@ Vogan propose to describe geometrically this diag (Gg x Gg)-invariant real
form on H("v”)(s’s)(GR/LR x Gr/Lg,Fy). This form is to be thought of as a
reproducing kernel.
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