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In a recent paper [No1], we gave a new classiﬁcation of nilpotent orbits of simple
real Lie algebras. The identiﬁcation of a fundamental set of noticed nilpotent
elements of the complex symmetric space associated with the real Lie algebra was
crucial because they provided a strategy for recovering all other nilpotent elements.
In this work, we describe the noticed orbits of all simple real Lie algebras. As an
application of the general theory, we show how to recover the nilpotent orbits of
maximal dimension ( the so-called principal orbits). Such a study is not done in
the other classiﬁcation schemes currently available in the literature.
1
Description of Noticed Orbits in Simple Real Lie Algebras
Let g be a real reductive Lie algebra with adjoint group G and gC its complexiﬁcation. Also let g = k ⊕ p be a Cartan decomposition of g. Finally, let θ be the
corresponding Cartan involution of g and σ be the conjugation of gC with regard
to g . Then gC = kC ⊕ pC where kC and pC are obtained by complexifying k and p
respectively. Denote by KC the connected subgroup of the adjoint group GC of gC ,
with Lie algebra kC .
Deﬁnition. A nilpotent element e in pC (or its KC -orbit) is noticed if the only
(θ, σ)-stable Levi subalgebra of gC containing e (or eqivalently meeting KC .e) is gC
itself.
A Levi subalgebra l contains e if and only if [l, l] does. Thus if e is noticed in l it
is actually noticed in the semi-simple subalgebra [l, l] for if l is (θ, σ)-stable then
so is [l, l], and any nilpotent e ∈ pC is noticed in any minimal (θ, σ)-stable Levi
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subalgebra l containing it.
)
We know that e is noticed if and only if the reductive subalgebra k(x,e,f
= 0, where
C
(x, e, f ) is a normal triple of gC [No2]. Our goal is to give a simple procedure to
identify noticed nilpotent orbits of g. That is the ones that correspond to noticed
nilpotent orbits in pC , for the Kostant-Sekiguchi correspondence gives a bijection
between the G-nilpotent orbits in g and the KC -nilpotent orbits in pC [Se].

1.1 Simple exceptional real Lie algebras
D. Djoković [D1, D2] (see also [C-Mc]) has computed the reductive centralizer
for all real nilpotent orbits in the case where g is an exceptional simple real Lie
algebra. The results are given in several tables, one for each algebra. Hence the
noticed orbits can be easily identiﬁed from Djoković’s tables. They are the ones for
)
= 0. A study of the tables reveals that :
which k(x,e,f
C
E6(2) , E6(6) , E7(7) , E8(8) , F4(4) , G2(2)
are the only exceptional simple real Lie algebras to admit noticed nilpotent orbits.
They are quasi-split.
A real form, g, of gC is called quasi-split if there is a subalgebra, b, of g such that
bC = b + ib is a Borel subalgebra of gC .
The following proposition characterizes quasi-split real forms.
Proposition 1.1.0 (Rothschild). g contains a regular nilpotent iﬀ g is quasi-split
iﬀ g contains a regular semisimple H such that adH has all real eigenvalues.

Proof. See L. Preiss Rothschild. [Rot]
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An element z of g is said to be regular if dim G.z ≥ dim G.y for all y in g.
Hence,
Theorem 1.1.1. An exceptional simple real Lie algebra is quasi-split if and only
if it contains a noticed nilpotent element.


1.2 Simple classical real Lie algebras
The following theorems were proved in [No2].
Theorem 1.2.1. The non-zero noticed nilpotent orbits of sln (R) are parametrized
by partitions of n with distinct parts. If such a partition is even then it corresponds
to two orbits labeled by I and II. The algebra su∗2n has no non-zero noticed nilpotent
orbit. Also su(p, p + 1) has exactly one non-zero noticed nilpotent orbit, which is
parametrized by a one-row signed Young diagram of signature (p, p + 1), su(p, p)
has exactly two non zero noticed nilpotent orbit, each is parametrized by a onerow signed Young diagram of signature (p, p) . If |p − q| ≥ 2 then su(p, q) has no
non-zero noticed nilpotent orbits.


Theorem 1.2.2. The non-zero noticed nilpotent orbits of so(p, q) are parametrized
by Young diagrams of signature (p,q) such that :
(1) all rows are odd and can be repeated at most twice,
(2) two rows of the same length must have their leftmost boxes labeled by diﬀerent
signs,
(3) if all the rows have an even number of boxes labeled +, or all the rows have
an even number of boxes labeled −, then one numeral I or II is attached.
There are no non-zero noticed nilpotent orbits in so∗2n .
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Theorem 1.2.3. The non-zero noticed nilpotent orbits of spn (R) are parametrized
by signed Young diagrams of size 2n such that:
(1) all rows are even an can be repeated atmost twice,
(2) two rows of the same length must have their leftmost boxes labeled with different signs.
There are no non-zero noticed nilpotent orbits in sp(p, q).


We have seen that the only exceptional simple real Lie algebras admitting nilpotent
orbits are the quasi-split ones. This is not true in the case of the classical simple
real Lie algebras, as the following example indicates.
Let g = so(6, 3). Then from theorem 1.2.2, the orbit parametrized by the signed
Young diagram:

+

- +

+

- +

- +

+
ﬁgure 1
is noticed but g is not quasi-split.
2
Noticed Principal Orbits in Simple Real Lie Algebras
We shall investigate the behaviour of a principal nilpotent element of pC . Such
an element and its orbit under the action of KC have been extensively studied by
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Kostant and Rallis in their seminal 1971 paper [K-R]. The principal orbit plays also
an important role in Representation Theory. We shall prove that the semisimple
part of a minimal (θ, σ)-stable Levi subalgebra containing a principal nilpotent of
pC is the complexiﬁcation of a quasi-split reductive subalgebra of g.
Let e be in pC . Then e is principal if and only if KC .e is a maximal KC -orbit in pC
[K-R] that is if and only if
dim KC .e ≥ dim KC .e

for all e ∈ pC .

If the orbit G.λR corresponds to the orbit KC .λC , then
dimC KC .λC =

1
2

dimR G.λR =

1
2

dimC GC .λC

Kostant and Rallis give several characterizations of a principal nilpotent of pC . We
will use the following criterion due to them. We will say that e is principal if and
only if
dim KC .e = dim pC - dim aC ,
where aC is the complexiﬁcation of a maximal abelian subspace a of p. The dimension of a is called the real rank of g (see Helgason [He]). The following theorem
gives a characterization of the quasi-split simple real Lie algebras g in terms of the
noticed principal elements.
Theorem 2.1. Let g be a simple real Lie algebra. Then g is quasi-split if and only
there exists a nilpotent element λC of pC such that λC is noticed and principal.
Proof. See [No2]

Next we describe the principal nilpotent orbits of the non quas-split simple real
Lie algebras.
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Algebras

Principlal nilpotent orbits

su(p, q)
so(p, q)
sp(p, q)

p>q

+

-

+ - +

-

................

+

2q + 1

+
.
.
.
+
+
for so(p, q) If q is even then there are two such orbits and the Young
diagram should be labeled with Roman numerals I or II see [C-Mc].
sp(q, q)

+

- + - +

-

................

+

- + - +

-

................

-

2q

su∗2n
so∗2n

n

for so∗2n If n is even then there are two such orbits [C-Mc].
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In [No1, No2] we described a one-to-one correspondence between nilpotent KC orbits on pC and KC -conjugacy classes of triples (l, ql , wl ), where l be a (θ, σ)-stable
Levi Subalgebra of gC , ql a θ-stable parabolic subalgebra of [l, l] and wl a subspace
of ql whose properties are described in [No1, No2].
The next theorem gives some properties of the real form l0 of the minimum (θ, σ)stable Levi subalgebra l conaining a principal nilpotent element e in pC .
Theorem 2.2. Let e be a nilpotent principal element of pC . Then for any normal
triple (x, e, f ) corresponding to a triple (l, ql , wl ) as described in the above correspondence:
1. e is regular in l ∩ pC
2. the the real form l0 of l is quasi-split
3. if ql = m ⊕ v is a Levi decomposition of ql then dim m ∩ kC = dim
and ql is a Borel subalgebra of l
4. g and l0 have the same real rank.

v∩pC
[v∩kC ,v∩pC ]

Proof. See [No2]


The previous theorem and some results of Bala and Carter [B-C1], [B-C2] allows
us to describe the type of the quasi-split real form of l. The next table gives the
type of l and l0 for the non quasi-split cases.
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Table 1

Algebra

[l, l]

[l0 , l0 ]

su(p, q)

sl2q+1 (C)

su(q + 1, q)

su∗2n

sln (C) ⊕ sln (C)

sln (C)

so(p, q)

so2q+1 (C)

so(q + 1, q)

p + q even

so(p, q)

so2(q+1) (C)

so(q + 2, q)

p + q odd

so∗2n

sln (C)

su( n2 , n2 ))

n even

n−1
su( n+1
2 , 2 )

n odd
p>q

sp(p, q)

sl2q+1 (C)

su(q + 1, q)

sp(q, q)

sl2q (C)

su(q, q)

E6(−14)

sl5 (C)

su(3, 2)

E6(−26)

sl3 (C) ⊕ sl3 (C)

sl3 (C)

E7(−5)

E6

E6(2)

E7(−25)

sl6 (C)

su(3, 3)

E8(−24)

E6

E6(2)

F4(−20)

sl3 (C)

su(2, 1)
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