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Abstract. Let G be the adjoint group of a simple Lie algebra g, and let

KC ! Aut(pC) be the complexi�ed isotropy representation at the identity

coset of the corresponding symmetric space. If e 2 pC is nilpotent, we con-

sider the centralizer of e in KC. We show that the conjugacy classes of the

component group of this centralizer can be described in terms generalizing the

Bala-Carter classi�cation of nilpotent orbits in the complexi�cation of g.

1. Introduction

In [10], the second author presented a classi�cation of nilpotent elements in a

complex symmetric space which generalizes the Bala-Carter classi�cation of nilpo-

tent elements in a complex semi-simple Lie algebra. (By complex symmetric space

we mean the complexi�ed tangent space at the identity coset of a non compact

symmetric space G=K.) Inspired by the main results of [14], we extend this clas-

si�cation to provide additional information about the centralizers of nilpotents in

a complex symmetric space. Precise knowledge of the centralizer of such a nilpo-

tent is needed to \quantize" its orbit, i.e., to construct a corresponding irreducible

unitary representation of G. (See Theorem 8.12 of [4].)

In order to state our main results (Theorems 1 and 2 below) we require some

notation and de�nitions. We assume that g is a real simple Lie algebra with Cartan

decomposition g = k � p. � is the associated Cartan involution. Let gC, kC and

pC denote the complexi�cations of g, k and p respectively. � extends to a complex

linear involution on g
C
. Let � denote conjugation relative to the real form g of g

C
.

The algebra eu = k+ ip is a \compact" real form of g
C
. � denotes conjugation of g

C

with respect to eu. GC is the adjoint group of gC. G, K, and KC are the connected

subgroups of GC corresponding to the Lie algebras g, k, and kC.

De�nition 1. If e is a nilpotent element of pC, let A(e) and Ak(e) denote the

component groups Ge
C
=(Ge

C
)0 and Ke

C
=(Ke

C
)0 respectively. Ge

C
is the centralizer

of e in G
C
. (Ge

C
)0 is the identity component of Ge

C
. Ke

C
and (Ke

C
)0 are de�ned

analogously.

Proofs should be sent to DonaldR. King, Departmentof Mathematics,NortheasternUniversity,

Boston, MA 02115.
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De�nition 2. An ordered triple fZ1; Z2; Z3g of elements in g
C

(or g) is said to

be an sl(2)-triple if the following commutation relations are satis�ed: [Z1; Z2] =

2Z2; [Z1; Z3] = �2Z3, and [Z2; Z3] = Z1. The sl(2)-triple fZ1; Z2; Z3g is said to be

normal if Z1 2 k
C
, and Z2; Z3 2 p

C
.

Let N [p
C
] denote the set of nilpotent elements in p

C
and N [p

C
]=K

C
denote

the set of K
C
orbits in N [p

C
]. Kostant and Rallis [9] have shown that there is a

bijection between K
C
conjugacy classes of normal sl(2)-triples of g

C
and N [p

C
]=

K
C
.

De�nition 3. [14] l is said to be a pseudo Levi subalgebra of gC if it is the

centralizer in gC of a semisimple element of GC. A pseudo Levi subalgebra l is said

to be elliptic if it is the centralizer of an elliptic element of KC. A Levi subalgebra

is said to be elliptic if it is the centralizer of a torus in k.

Note that an elliptic pseudo Levi subalgebra may also be a non elliptic Levi

subalgebra. For example, if g = sl(3; R), then the centralizer in sl(3; C) of the

vector part of the fundamental Cartan subalgebra is also an elliptic pseudo Levi

subalgebra.

De�nition 4. Let l be a reductive subalgebra (resp. �-stable reductive subalgebra)

of gC. A nilpotent element e in l (resp. l\ pC) is said to be distinguished (resp.

noticed) in l if the conditions z 2 l (resp. z 2 l\kC), z is semisimple and [z; e] = 0

imply that z is in the center of l.

If e is distinguished (resp. noticed) in l, a parabolic subalgebra (resp. �-stable

parabolic subalgebra) q of l is said to be noticed for e if there is an sl(2)-triple

(resp. normal sl(2)-triple) fx; e; fg in l for which q is the sum of the non-negative

eigenspaces of ad(x) acting on l. q has Levi decomposition m � u, where u (resp.,

m) is the sum of the of the positive (resp., zero) eigenspaces of ad(x).

Remark 1. If l in De�nition 4 is semisimple, then we have the following charac-

terizations of distinguished and noticed nilpotents. e is distinguished (resp., noticed)

in l if and only if there is an sl(2)-triple (resp., normal sl(2)-triple) fx; e; fg such

that lfx; e; fg (resp., (l \ k
C
)fx; e; fg) equals zero.

Our �rst result generalizes Theorem 14 of [14]:

Theorem 1. There is a bijection between (1) KC conjugacy classes of pairs (e; C),

where e is a nilpotent in pC and C is a conjugacy class in Ak(e); and (2) KC conju-

gacy classes of triples (l; q; MK
C

� e), where l is an elliptic pseudo Levi subalgebra

in which e is noticed and q � l is a �-stable noticed parabolic for e. Here q has Levi

decomposition m� u; MK
C

is the connected subgroup of L with Lie algebra m\ k
C
;

and \ " denotes closure.

Remark 2. It is known from [10] that the set MK
C
� e in Theorem 1 is the 2-

eigenspace of x in l\ p
C
.

We �rst give some examples of the bijection asserted in Theorem 1. In these

examples, when describing the triples (l; q; MK
C
� e), we will specify l by giving

its real form lR = l \ g inside g. We also often omit a precise description of q and

MK
C
� e. For g exceptional, the conjugacy classes in N [p

C
]=K

C
are given in [1] and

[2]. We will often refer to these references collectively as Djokovic's tables.
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Example 1. Let g = sl(3; R). There are two non-zero K
C

conjugacy classes

of nilpotents in p
C
, the regular class K

C
� e1 and the non-regular (minimal) class

K
C
�e2. e1 and e2 may be chosen to lie in the same �-stable Borel subalgebra b of g

C
.

Ak(e1) = f1g and we associate the pair (e1; f1g) to the triple (sl(3; C); b; Ce1).

Ak(e2) = Z2 = f1; �1g. We associate (e2; f1g) to the triple (sl(3; C); b; Ce2),

and we associate (e2; f�1g) to the triple (sl(2; R)�V; b0; Ce2). Here V is a one

dimensional real subspace of p and b
0 is a Borel subalgebra in sl(2; C) � VC.

Our second example concerns Ak(e) for conjugacy class 23 of EI, the split real

form of the complex simple algebra E6. (See [2] and Table 4 of [6])

Example 2. Let e be a representative of class 23 of g = EI. Ak(e) = S4 has 5 con-

jugacy classes. Since e is noticed in g, the pair (e; id) is associated to (EI; q; W ).

There are two conjugacy classes of elements of order 2. These conjugacy classes

are associated to triples (so(5; 5)�V 0; q0; W 0) and (sl(6; R)�sl(2; R); q00; W 00).

The conjugacy class of elements of order 3 is associated to the triple (su(2; 1) �

sl(3; C); q
000; W 000). The conjugacy class of elements of order 4 is associated to

the triple (su(2; 2)� sl(2; C) � V 00; q
iv; W iv). V 0, and V 00 are one dimensional

abelian vector subspaces of p.

In general, Theorem 1 provides an e�cient way of organizing the calculation of

Ak(e) when g is a simple exceptional algebra. The theorem often simpli�es the

work done in [6].

In order to state our second result, we will de�ne the notion of the r-carrier

subalgebra of a nilpotent e in pC (see Vinberg's notion of \carrier subalgebra" in

[15]). This algebra will be denoted s = s(e) and will be de�ned as a Z graded

algebra.

Assume that fx; e; fg is a �-stable, �-stable sl(2) triple. By [12] each nilpotent

in p
C
is K

C
conjugate to an element e lying in such a triple. Set g

C
(i) equal to

the i eigenspace of ad(x) on gC. If i is odd, set si = g
C
(2i) \ p

C
. If i is even, set

si = g
C
(2i) \ k

C
. Then,

s = s(e)
def
=
M
i2Z

si

It is known that s is reductive [16]. We will call it the r-carrier subalgebra of

e in gC. (The algebra s also occurs in the work of Kawanaka [5].) Let egC(e) =egC(fx; e; fg) denote the semisimple part of s. It is the carrier subalgebra (in the

sense of Vinberg) of e in gC. The connected subgroup of GC with Lie algebra egC(e)
is denoted eGC(e) and is called the carrier subgroup of e. e is distinguished in egC(e),
i.e, egC(e)fx; e; fg = (0) by Theorem 2 of [16]. egC(e) is also locally 
at in Vinberg's

terminology [15].

Clearly egC(e) is � stable so that it is the complexi�cation of a subalgebra eg(e)
of g. eg(e) is of equal rank since one can �nd a Cartan subalgebra of eg(e) containing
x inside s0. Note that if e is noticed, then s(e) = egC(e). The reason is that any

element z of the center of s must belong to s0 and hence to kC. But since e is

noticed, k
fx; e; fg
C

= 0. So z = 0.

Theorem 2. With notation as above. Assume that e is noticed in gC and fG
C
(e)

is simple and the adjoint group of egC(e). Then, there is a bijection from KC

conjugacy classes of triples (l; ql; W ) in Theorem 1 (corresponding to e) to eGC(e)
conjugacy classes of pairs (el; q~l) where el is a pseudo Levi subalgbra of egC(e) and
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q~l is a distinguished parabolic of el containing e. In particular, Ak(e) is isomorphic

to the component group of e in fG
C
(e). In this correspondence, el is the r-carrier

subalgebra of e in l.

Theorem 2 shows that in some sense Theorem 1 is already contained in Theorem

14 of [14].

Here are two examples of illustrating Theorem 2.

Example 3. Consider KC � e, the unique KC conjugacy class for the split form

of G2 for which Ak(e) = S3. The carrier subalgebra of e is G2 itself. The carrier

subgroup is the adjoint group of G2. e is distinguished in g
C
= G2 and in each of

the pseudo-Levi subalgebras occurring in a triple of the type considered in Theorem

1. Thus, the �rst two elements of each of these triples constitute a Sommers pair.

The correspondence asserted in Theorem 2 is trivial in this case.

Example 4. Our second example for Theorem 2 concerns the conjugacy class

treated in Example 2. Table I relates the triples for class 23 of EI (from Ex-

ample 2) to the Sommers pairs for the class F4(a3) in the complex simple algebra

F4. (See [14]). We give only the semisimple part of the real form of each elliptic

pseudo Levi subalgebra of EI.

Table I

pseudo � Levi subalgebra carrier subalgebra

EI F4(a3)

so(5; 5) B4(a1)

sl(6; R) � sl(2; R) A1 � C3(a1)

su(2; 1)� sl(3; C) A2 � fA2

su(2; 2)� sl(2; C) A3 � fA1

2. Discussion and Proofs

Recall that g is simple. Let t be a maximal torus of k. h = g
t is the fundamental

Cartan subalgebra of g which contains t. Set ea = h \ p. The complexi�cations

of t and h will be denoted tC and hC respectively. t
� = HomR(t; R) and h

�
C
=

HomC(hC; C). HC
(resp., T

C
) is the connected subgroup of G

C
(resp., K

C
) with

Lie algebra h
C
(resp., t

C
). Let � denote the set of roots of the pair (gC; hC). If

� 2 �, let e� denote the corresponding character of H
C
.

If � is a system of simple roots for a positive system �+ = �+(�) of �, let  

denote the highest root of �+. From now on, assume that � is �-stable. Then  is

imaginary. Set e� = � [ f� g.

If J ( e�, let �J be the root system spanned by J . De�ne (gC)J to be the

subalgebra of g
C
spanned by h

C
and the root vectors X� with � 2 �J . (This

agrees with the de�nition of (g
C
)J in [14].) From now on we will assume that J is

� stable. Let (G
C
)J denote the connected subgroup of G

C
with Lie algebra (g

C
)J .

(g
C
)J (resp., (G

C
)J ) is said to be a standard elliptic pseudo Levi subalgebra

(resp., standard elliptic pseudo Levi subgroup) of g
C
(resp. G

C
). (K

C
)J
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denotes the connected subgroup of (G
C
)J with Lie algebra (g

C
)J \ k

C
. The center

of (G
C
)J will be denoted by Z((G

C
)J ) or by ZJ .

Since (g
C
)J is stable under �, (gC )J\g is a real form of (g

C
)J . Set gJ = (g

C
)J\g,

and GJ equal to the connected subgroup of G with Lie algebra gJ . We will often

describe (g
C
)J by specifying gJ .

Z[�k] is the Z lattice spanned by �k, the roots of (kC; tC). L is the root lattice

spanned by �. LJ � L is the root lattice spanned by J . LJ (t) is the Z lattice

spanned by the restrictions of the roots of �J to tC. W is the Weyl group of �.

WJ is the Weyl group of �J and Wk is the Weyl group of �k.

ZJ\KC � TC = exp(tC). Set g(tC)J (resp.,](hC)J ) equal to the complex subspace

of tC (resp., hC) corresponding to LJ (t) (resp., LJ ), and t
LJ

C
(resp., hLJ

C
) equal to

the subspace of tC (resp., hC) where all 
 2 LJ vanish. TLJ
C

(resp., HLJ
C

) denotes

the elements of TC (resp., HC) where the elements of LJ (t) (resp., LJ ) viewed as

group characters are trivial. Then t
LJ

C
(resp., hLJ

C
) is the Lie algebra of TLJ

C
(resp.,

HLJ
C

). Moreover,

tC = g(tC)J � t
LJ

C

ZJ = HLJ
C

ZJ \KC = TLJ
C

(ZJ \KC
)0 = exp(tLJ

C
)

De�nition 5. Suppose that  =
X
�2�

c��. Set dJ equal to the greatest common

divisor of the c� such that � 2 e� � J .

Recall Sommers'decomposition of ZJ as (ZJ )0 � ZdJ , where ZdJ is the cyclic

group of order dJ . Sommers shows that ZJ=(ZJ )0 is isomorphic to tor(L=LJ ),

the torsion subgroup of L=LJ . In addition, recall the following element de�ned by

Sommers:

�J = (�1=dJ )
X

�2~��J

c��:(2.1)

The coset �J + LJ can be taken as the generator of tor(L=LJ) ' ZdJ . Since J is

�-stable, if we view �J as an element of h�
C
, it is �xed by � and so belongs to t

�
C
. For

each � 2 �, let !� denote the element of h
C
which corresponds to the fundamental

weight for �. Thus, for each � 2 �,
(2!�; �)

(�; �)
= 0 if � 6= �, and = 1, if � = �.

Sommers shows that if dJ = 1, then ZJ = (ZJ )0, i.e., ZJ is connected. If dJ > 1,

then � 2 J and we have.

Lemma 1. Assume that dJ > 1. For each non-negative integer n, set

hn =
�2�i

dnJ

X
�2~��J

2!�

(�; �)
:

Then: (a) For some unique N , exp(hN ) 2 (ZJ )0, and exp(hN+1) 2 ZJ n (ZJ )0.

(b) Choose Q to be a positive integer such that

P
�2~��J c�

QdN+1
J

and dJ are relatively
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prime. If we set e�J = exp(
hN+1

Q
), then e�J is a representative of the cyclic generator

of
ZJ

(ZJ )0
.

Proof. (a) First, consider exp(h1). It clearly belongs to ZJ . Notice that exp(h0) =

exp(dJh1) = e which belongs to (ZJ )0. If exp(h1) does not belong to (ZJ )0, we are

done. If it belongs to (ZJ )0, there is an element h 2 h
LJ
C

such that exp(h1) = exp(h).

This means that h =
X

�2~��J

d�
2!�

(�; �)
with each d� 2 C, and

P
�2~��J c�d� = 0.

Since exp(h1) = exp(h), �(h � h1) 2 2�iZ for all � 2 �.

It follows that for each � 2 e� � J , there is an integer k� such that:

�2�i

dJ
� 2�ik� = d�(2.2)

Since
P

�2~��J c�d� = 0, (2.2) implies that:

�2�i

P
�2~��J c�

dJ
= 2�i

X
�2~��J

c�k�(2.3)

and hence,

�
P

�2~��J c�

dJ
=
X

�2~��J

c�k�(2.4)

Since dJ divides each c� on the the right hand side of (2.4), dJ must also divide

the left side. This implies that exp(h2) 2 ZJ (since  and all the roots in � \ J

are trivial on exp(h2)). Continuing in this fashion we arrive at an N for which

exp(hN ) 2 (ZJ )0 but exp(hN+1) 2 ZJ n (ZJ )0. For this value of N , we must

have that

P
�2~��J c�

dN+1
J

is not divisible by dJ . Otherwise, exp(hN+2) 2 ZJ , but

exp(hN+1) = exp(hN+2)
dJ =2 (ZJ )0 which contradicts the fact that

ZJ

(ZJ )0
is cyclic

of order dJ . This establishes the assertion of part (a).

Note that since ~� and J are �-stable, ~� � J is �-stable, so each hn is �xed by �

and hence belongs to t.

(b) is proven like (a). First note that e�J =2 (ZJ )0, since otherwise exp(hN+1) 2

(ZJ )0. Moreover, one can show that if e�Jm = exp(m(
hN+1

Q
)) 2 (ZJ )0, then

m
P

�2~��J c�

QdN+1
J

is divisible by dJ . But this implies that dJ divides m. On the

other hand, it is clear that e�JdJ 2 (ZJ )0.

Let l be a standard elliptic pseudo Levi subalgebra. Let L be the connected

subgroup in GC with Lie algebra l. We have the exact sequence:

(1)!
Z(L)0 \KC

(Z(L) \KC)0
!

Z(L) \KC

(Z(L) \KC)0
!

Z(L) \KC

Z(L)0 \KC
! (1):(2.5)

Let z(l) be the center of l. Then, Z(L)o = exp(z(l) \ kC)) exp(z(l) \ pC)).

Recall that eu = k+ ip. Set euL = l \ k+ i(l \ p). Let the corresponding connected

subgroups ofGC be denoted eU and fUL respectively. eU and fUL are maximal compact

subgroups of GC and L respectively.
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Proposition 1. Suppose that l is a standard elliptic pseudo Levi subgroup. Then

(1) Z(L) \ KC = (Z(L)0 \KC) ' Z(L)=Z(L)0
(2) Z(L)0 \KC

=(Z(L) \KC)0 is a 2-group.

Proof. Lemma 1 implies that there is an element z 2 Z(L) \K
C
such that the

coset zZ(L)0 generates Z(L)=Z(L)0. (1) follows. In addition, we have Z(L) =

Z(L) \K
C
exp(z(l) \ p

C
)).

Also, Z(L)0 = exp(z(l)) = exp(z(l)\ kC) exp(z(l)\ pC). Since (Z(L) \ K
C
)0 =

exp(z(l) \ kC), there is a surjective homomorphism:

exp(z(l) \ pC) \KC !
Z(L)0 \KC

(Z(L) \KC)0

A simple argument invoking the di�eomorphism eUL� ieuL ! L (given by (h; Y ) 7!

h exp(Y )) shows that each non-trivial element of exp(z(l)\pC)\KC has order two

and belongs to the subgroup exp(i(z(l) \ p)) \ K. z(l) \ p can be extended to a

maximal abelian subspace a of lR \ p. It is known that the subgroup of the group

exp(ia) consisting of all elements of order two is �nite with dimR a generators. This

establishes (2).

We can characterize the standard elliptic Levi subalgebras among the standard

elliptic pseudo Levi subalgebras in terms of the corresponding � stable subset of e�.
We leave the proof of the following result to the reader.

Lemma 2. (g
C
)J is an elliptic Levi subalgebra if and only if � =2 J .

Proposition 2. Let J and J 0 be two proper �-stable subsets of e� where � is a

�-stable simple system of �. Consider the following statements:

(1) J and J 0 are conjugate under Wk.

(2) �J and �J 0 are conjugate under Wk.

(3) WJ and WJ 0 are conjugate under Wk.

(4) (gC)J and (gC)J 0 are conjugate under KC.

Then, (1) =) (2) () (3) () (4).

Proof. (1) =) (2) () (3) is clear. (2) =) (4) also folIows because if w(�J ) =

�J 0 for w 2Wk, then any element k 2 NK(T ) which represents w will conjugate

(gC)J to (gC)J 0 . Conversely, (4) =) (2), because if k 2 KC and k �(gC)J = (gC)J 0 ,

then k � h
C
will be the complexi�cation of a fundamental Cartan subalgebra of g.

We may as well assume that k � t
C
= t

C
, and so k corresponds to an element ofWk.

It is clear that k sends �J to �J 0 .

Remark 3. Let g = su(2; 1) Assume that � = f�; �g with � compact and � non-

compact. Then  = �+ � is non-compact. e� = f�; �; � g. Let J = f�; �g and

J 0 = f�; � g. Then J and J 0 are not conjugate under Wk but (gC)J = (gC)J 0 .

Thus, (2), (3) and (4) of the previous proposition do not imply (1).

Fix � to be a � stable set of simple roots for the fundamental Cartan subalgebra

of g. Let J be a proper � stable subset of e�. If � is an abelian group, let tor(�)

denote the torsion subgroup of �.
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Proposition 3. Assume that g is simple.

(a) If g is equal rank, then
ZJ \KC

(ZJ \KC)0
is isomorphic to tor(

L

LJ
).

(b) If g is not equal rank, then
ZJ \KC

(ZJ \KC)0
is isomorphic to tor

�
Z[�k]

LJ(t)

�
.

Proof. Let X�(TC) denote the set of characters of TC. In [14], Sommers proves that
ZJ

(ZJ )0
is isomorphic to tor(

L

LJ
) by analyzing ZJ = HLJ

C
. Since ZJ \KC

= T
LJ (t)

C
,

we can copy Sommers argument and deduce the following lemma.

Lemma 3.
ZJ \KC

(ZJ \KC
)0

is isomorphic to tor

�
X�(TC)

LJ (t)

�
.

We now prove part (a) of Proposition 3. Since g is equal rank, ZJ � T
C
� K

C

which implies that
ZJ \KC

(ZJ \KC)0
=

ZJ

(ZJ )0
. So the desired conclusion follows from

Sommers result cited before the previous lemma.

We now prove part (b) of Proposition 3. Since g is not equal rank, one veri�es case

by case that K
C
is equal to the adjoint group of k

C
. Therefore, X�(TC) = Z[�k].

The desired conclusion follws from the previous lemma.

There is considerable evidence that the previous proposition can be expressed

more succinctly as follows.

Conjecture 1. If g is simple, and J is as above,
ZJ \KC

(ZJ \KC
)0

is isomorphic to

tor

�
Z[�k]

Z[�k] \ LJ (t)

�
.

Proposition 4. Suppose that g is simple and not equal rank.

(a) If � does not belong to J then the 2 subgroup of tor

�
Z[�k]

LJ(t)

�
is trivial,

and hence
(ZJ )0 \KC

(ZJ \KC
)0

is trivial.

(b) Suppose that � belongs to J . Then, the following are equivalent (i) �J=2

belongs to Z[�k]; (ii)
(ZJ )0 \KC

(ZJ \KC
)0

is equal to Z2; (iii)
(ZJ )0 \KC

(ZJ \KC)0
is non trivial.

(c) If � belongs to J and
(ZJ )0 \KC

(ZJ \KC
)0

is non trivial, then for each � 2 (e��J)c
or (e� � J)nc, c� is even.

(d) Assume � belongs to J . If �J=2 belongs to Z[�k], then tor

�
Z[�k]

LJ(t)

�
is

cyclic of order 2dJ . If �J=2 =2 Z[�k], then (ZJ )0\KC
is connected and tor

�
Z[�k]

LJ (t)

�
is cyclic of order dJ .

Proof.

Since g is not equal rank the restriction of each root in � to t
C
belongs to Z[�k].

Moreover,  is imaginary and so may be identi�ed with its restriction to t
C
. If �

is a complex linear functional on h
C
, �] will denote its restriction to t

C
.
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Let �c (resp., Jc), �nc (resp., Jnc), and �cx (resp.. Jcx), denote respectively

the subsets of compact imaginary, noncompact imaginary and complex roots in �

(resp., J .). �c, �nc, and �cx have the obvious meaning. If � 2 �cx, then its

restriction �] 2 Z[�k] and �
] = (�+ �(�))=2. Every root in �k is either a compact

imaginary root or the restriction to t
C
of a complex root of g. Moreover, since g is

not equal rank, each noncompact imaginary root belongs to Z[�k].

(a) Since � does not belong to J , dJ = 1 and ZJ is connected. Hence ,
ZJ \KC

(ZJ )0 \KC

is trivial. Therefore, by Proposition 1,
ZJ \KC

(ZJ )0 \KC
=

(ZJ )0 \KC

(ZJ \KC)0
is

a 2 group.

To complete the proof of (a) we need the following lemma.

Lemma 4. Suppose that � 2 LJ (t) and �=2 2 Z[�k] , then �=2 2 LJ (t).

Proof of lemma. On the one hand, for some integers n� 2 Z,

� =
X
�2Jnc

n��+
X
�2Jc

n��+
X

f�;�(�)g;�2Jcx

n��
]:(2.6)

On the other hand for some integers m� 2 Z, we have

�=2 =
X
�2�c

m��+
X

f�;�(�)g;�2�cx

m��
];

or,

� =
X
�2�c

2m��+
X

f�;�(�)g;�2�cx

2m��
];(2.7)

Each � 2 �c is an integral combination of imaginary and complex roots in �. Each

�] with � 2 �cx is a sum of an integral combination of imaginary roots in � and

an integral combination of restrictions of complex roots in �. Thus 2.7 implies that

we can write:

� =
X

�2�nc

2p��+
X
�2�c

2p��+
X

f�;�(�)g;�2�cx

2p��
]:(2.8)

where p� 2 Z. Since J and � are � stable systems of simple roots and the roots

in each set are linearly independent, when we equate 2.6 and 2.8, we conclude that

n� is even (possibly equal to zero) for each � 2 J . It follows that �=2 2 LJ (t),

completing the proof of the lemma.

Lemma 4 implies that there are no non trivial elements of order two in
Z[�k]

LJ (t)
.

Since
(ZJ )0 \KC

(ZJ \KC)0
is a 2 subgroup, it must be trivial.

(b) Clearly (ii) =) (iii).

We now show that (iii) =) (ii). Part (c) will be a corollary of this argument. So

assume (iii) holds. Then the 2 subgroup of tor

�
Z[�k]

LJ (t)

�
is not trivial. Recalling

that  =
X
�2�

c��, set

 �\J =
X

�2�\J

c�� and  
e��J =

X
�2e��J

c��:
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The following argument shows that every non trivial element of the 2 subgroup is

represented by  
e��J=2.

Any element of the 2 subgroup of tor

�
Z[�k]

LJ (t)

�
has a representative in Z[�k] of

the form n(� =2) + �0=2 where n 2 Z and �0 =
X

�2�\J

n��
]. (In the previous sum,

each complex simple root is counted only once.) Since  2 LJ (t), we may assume

that n = 0 or 1. If n = 0, then Lemma 4 implies that �0=2 2 LJ (t). So if the

representative is nontrivial, we may assume that n = 1.

If we argue as in part (a), we conclude that: (1) if � 2 (�\J) is imaginary, then

n�� c� is even; (2) if � 2 (�\J)cx, then n��2c� is even; and (3) if � 2 (e��J) is
imaginary, then c� is even. Therefore, � �\J=2 + �0=2 lies in LJ (t) and � e��J=2

belongs to Z[�k].

One can show using the linear independence of the simple roots that � 
e��J=2

cannot belong to LJ (t). Thus, if the 2 subgroup of tor

�
Z[�k]

LJ (t)

�
is non-trivial it is

generated by � 
e��J=2 + LJ (t). We have established (iii) =) (ii).

Again using the linear independence of the roots in �, one can show that if

� 
e��J=2 lies in Z[�k], then for each � 2 (e� � J)c or (e� � J)nc, c� is even. This

is part (c).

We now show that (i) =) (iii). Assuming (i) holds, we construct an element of

(ZJ )0\KC
which does not lie in (ZJ \KC

)0. The key observation is that (i) implies

that if � 2 (e� � J)c or � 2 (e� � J)nc, then
c�

dJ
is even and hence that

X
�2e��J

c�

2dJ

is an integer. We will use the notation and technique of Lemma 1.

First note that for each � 2 �c or �nc, !� 2 t
C
and for each � 2 �cx, �!� = !�(�).

Since, hLJ
C

is the space of all sums of the form
X

�2e��J

d�
2!�

(�; �)
, with each d� 2 C,

such that
X

�2e��J

c�d� = 0, it is easy to check that t
LJ
C

is the set of all such sums

satisfying the additional condition that for each � 2 (e� � J)cx, d� = d�(�).

Since
h1

2
=
�2�i

2dJ

X
�2e��J

2!�

(�; �)
, and

X
�2e��J

c�

2dJ
is an integer, exp(

h1

2
) belongs

to ZJ \KC
.

Suppose that exp(
h1

2
) =2 (ZJ \KC

)0. Let M be a positive integer such that

2dJ and
X

�2e��J

c�

2dJM
are relatively prime. The element exp(

h1

2M
) 2 ZJ \KC

, but

=2 (ZJ \KC
)0 (otherwise, exp(

h1

2
) 2 (ZJ \KC

)0).

We have

�
exp(

h1

2M
)

�dJ
= exp(

dJh1

2M
) 2 (ZJ )0 \KC

because ZJ=(ZJ )0 is cyclic

of order dJ . We will show that z = exp(
dJh1

2M
) =2 (ZJ \KC

)0.
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Suppose z 2 (ZJ \ KC
)0. Then there exists h =

X
�2e��J

d�
2!�

(�; �)
2 t

LJ

C
, such

that �(
dJh1

2M
� h) 2 2�iZ, for all � 2 Z[�k]. Arguing as in Lemma 1, we conclude

that if, � 2 (e� � J) is imaginary, then for some integer s�:

�2�i

2M
� 2�is� = d�:(2.9)

Moreover, if � 2 (e� � J)cx, then

�2�i

2M
� 2�is� = d�:(2.10)

But, if � 2 (e��J)cx, then d� = d�(�) and hence s� = s�(�). Since
P

�2e��J c�d� =

0, it follows that:

�2�i

P
�2e��J c�

2M
= 2�i

X
�2e��J

c�s�(2.11)

and hence dividing both sides by 2�i, we have

�
P

�2e��J c�

2M
=
X

�2e��J

c�s�(2.12)

=
X

�2(e��J)c

c�s� +
X

�2(e��J)nc

c�s� +
X

f�; �(�)g�(e��J)cx

2c�s�(2.13)

Since
c�

dJ
is even if � 2 (e� � J)c or (e� � J)nc, and if � 2 (e� � J)cx, c� is di-

visible by dJ , each sum on the right hand side is divisible by 2dJ . It follows

that
�
P

�2e��J c�

2M
is divisible by 2dJ . This contradicts the fact that 2dJ andX

�2e��J

c�

2dJM
are relatively prime. This contradiction implies that z =2 (ZJ \ KC

)0.

So if exp(
h1

2
) =2 (ZJ \KC

)0, z is the desired element and we are done.

If exp(
h1

2
) 2 (ZJ \KC

)0 we can show that for some positive integer m,

exp(
h1

2(2dJ)m
) belongs to ZJ \KC

but not (ZJ \KC
)0:

Then we can repeat the preceding argument with
h1

2(2dJ)m
replacing

h1

2
to obtain

a suitable element z.

Thus (i) =) (iii).

We now show that (iii) =) (i). In our proof that (iii) =) (ii), we actually

showed that (iii) implies that the 2 subgroup of tor

�
Z[�k]

LJ (t)

�
is equal to Z2. It

follows from (2.5) that tor

�
Z[�k]

LJ (t)

�
has order 2dJ . Thus tor

�
Z[�k]

LJ(t)

�
is either

isomorphic to Z2 � ZdJ or Z2dJ . Since g is not equal rank, g is either classical or

EI or EIV . So apriori using Sommers' calculations, we have dJ = 1; 2; or 3. If

dJ = 1, then the torsion subgroup is Z2. dJ = 3 occurs only for g = EI and gJ is

isomorphic to sl(3; C)� su(2; 1). But then the 2 subgroup is trivial by (c).
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So we need only consider dJ = 2. The torsion subgroup is either Z2 � Z2 or

Z4. The �rst alternative would contradict the hypothesis about the 2 subgroup.

Hence there must be a cyclic generator in tor

�
Z[�k]

LJ(t)

�
of order 4. By the usual

arguments, this generator has a representative of the form
n 

e��J

4
=
n�J

2
for some

integer n. Then n must be odd otherwise the generator has order less than 4.

Therefore, this representative is equivalent to �J=2, which must belong to Z[�k].

We have shown that (iii) =) (i). (The possibility we have just discussed only occurs

for g = EI and the semisimple part of gJ isomorphic to su(2; 2)� sl(2; C).)

(c) See the proof of (b).

Clearly (b) =) (d).

This completes the proof of Proposition 4.

Corollary 1. If g is simple, then ZJ \KC
=(ZJ \KC

)0 is cyclic.

Proof. If g is equal rank, then ZJ � T
C
� K

C
. Hence ZJ \ KC

=(ZJ \KC
)0 is

equal to ZJ=(ZJ )0, which Sommers has shown to be cyclic. If g is not equal rank

the desired conclusion follows from (2.5), Proposition 3, Proposition 4 and the fact

that the quotient ZJ=(ZJ )0 is cyclic.

De�nition 6. A subalgebra l � (g
C
)J (resp., subgroup L � G

C
) is an elliptic

pseudo Levi subalgebra (resp., elliptic pseudo Levi subgroup) of g
C
(resp.,

G
C
) if l (resp., L) is conjugate under K

C
to a standard elliptic pseudo Levi subal-

gebra (resp., standard elliptic pseudo Levi subgroup) of g
C
(resp., G

C
).

Proposition 5. (1) l � g
C
is an elliptic pseudo Levi subalgebra of g

C
if and only

if there exists an element z 2 K such that l = g
z
C
.

(2) L � G
C
is an elliptic pseudo Levi subgroup of G

C
if and only if there exists

an element z 2 K such that L is the connected component of the identity of Gz
C
,

i.e. L = (Gz
C
)0.

Proof. (1) and (2) of the proposition are equivalent so we only prove (1).

=). It su�ces to show that for each J ( e�, there exists z 2 K such that

(g
C
)J = g

z
C
. We follow the proof of Proposition 2 in [14] with a few modi�cations.

We have

ZJ \KC
= T

C

LJ = T
C

LJ (t) = exp(tLJ
C
)� F;

where F is a �nite cyclic subgroup of ZJ \KC
of order dKJ . The generator of F

has the form exp(v + iw) where v; w 2 t. Since exp(v + iw) 2 ZJ \KC
, if � 2 J ,

then e�(exp(v + iw)) = e�(v+iw) = 1. But �(iw) 2 R. It follows that �(iw) = 0 for

all � 2 J . Thus, without loss of generality, we may assume that F is generated by

exp(v).

As Sommers notes, a maximal compact torus bS contained in an algebraic torus

S contains an element y such that yk (k 2 Z; k 6= 0) is not in the kernel of any

non-trivial character of S. Such an element is called a toplogical generator for bS.
So let x1 be a topological generator of exp(tLJ

C
) \ K, and set x = x1 exp(v). By

Lemma 1 in [14], LJ (t) corresponds to the set of all of the characters of T
C
which

are trivial on x. It is clear that each root in �J is trivial on x. We now show that

�J contains all roots in � which are trivial on x. This will follow from:

Lemma 5. � 2 � and �] 2 LJ (t), then � 2 �J .
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Lemma 5 is proven like Lemma 4.

(=. Assume that l = g
z
C
with z 2 K. We must show that l is conjugate under

K
C
to a standard elliptic pseudo Levi subalgebra. We will adapt an argument of

Sommers based on the a�ne Weyl group, Wa. We begin by recalling some facts

about Wa. If � 2 �, the coroot H� = �� 2 h
C
is de�ned to be

2h�

(�; �)
. �� denotes

the coroots of �. Set �L equal to the Z lattice spanned by ��. Then, Wa is the

semidirect product W n �L. For each, � 2 �, k 2 Z, de�ne the a�ne re
ection

s�; k(x) = s�(x) + kH�:

We may also think of each pair (�; n) with � 2 � and n 2 Z as de�ning an a�ne

root. In this case, if y 2 h
C
then by de�nition (�; n)(y) = �(y) � n.

Conjugating by K, we can assume that z 2 T . Let � = f� 2 �j e�(x) = 1g.

Then, l = h

M
�2�

(g
C
)� .

We have z = exp(�2�iv) for some v 2 it. Pick a �-stable simple system � for

�(g; h). Let D = fh 2 it+ eaj  (h) < 1; and �(h) > 0; for all � 2 �g. The closure

of D is a fundamental domain for the action of Wa on it+ ea.
Let W0

a denote the subgroup of Wa generated by elements of the form s�; m,

where � is imaginary and m 2 Z, and products s�;ks��;k where � is complex,

the inner product of � and �� is zero, and k 2 Z). Note that W0
a preserves it.

W� �W0
a and W

� is generated by elements of the form s�, where � is imaginary,

and products s�s�� where � is complex and the inner product of � and �� is zero.

To complete the proof of the implication(=, we need the following result.

Lemma 6. There is an element in W0
a which conjugates v into the closure of D.

Proof of Lemma. To simplify the details of the proof let us assume the �(v) =2 Z

for all � 2 �. To prove Lemma 6, we must study the proof of Lemma 7.157 and

modify part of the proof of Lemma 7.158 in [8].

Choose any v0 2 D and then �nd w� 2 W0
a so that the length kwv � v0k

2 is

minimal for w 2 W0
a. We claim that w�v 2 D. Otherwise, the proof of Lemma

7.157 shows that either (a) there is a simple root � such that �(v) < 0 or (b)
�2 (v)

( ;  )
+ 1 < 0. Suppose that (a) is true. If � is imaginary, then the proof of

Lemma 7.158 shows that ks�;0w
�v � v0k

2 < kw�v � v0k
2. If � is complex, then

either (i) (�; ��) < 0, in which case 
 = �+ �� is an imaginary root, 
(v) < 0 and

ks
;0w
�v � v0k

2 < kw�v � v0k
2 or (ii) (�; ��) = 0 in which case

ks�;0s��;0w
�v � v0k

2 < kw�v � v0k
2:

So in case (a) we obtain a contradiction. Similarly, alternative (b) leads to a

contradiction. It follows that w�v 2 D. This completes the proof of Lemma 6.

We now complete the proof of Proposition 5 by imitating the end of Sommers'

argument in Proposition 2 in [14]. It follows from Lemma 6 that up to conjugacy

by W0
a, we can assume that v 2 D. Let J be the roots of e� which are integral on

v. Then J is �-stable and �J are the roots of � which are integral on v. Hence

�J is W�-conjugate to �. Thus, for some w 2 W�, l is conjugate under K
C
to

h

M
�2w(�J )

(g
C
)� = (g

C
)wJ .
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Remark 4. An elliptic pseudo Levi subalgebra l must contain the complexi�cation

of a fundamental Cartan subalgebra of g. Thus, if g is equal rank, then l is equal

rank. Hence in the equal rank case, l must have a Cartan subalgebra which is a

Cartan subalgebra of kC. It follows that in this case z(l) � kC and that Z(L) =

Z(L)0 = Z(L) \KC=(Z(L) \KC)0.

Corollary 2. If l is an elliptic pseudo Levi subalgebra of a simple Lie algebra g,

and L is the corresponding connected subgroup of G
C
, then

Z(L) \K
C

(Z(L) \K
C
)0

is cyclic.

Proof. This follows from Corollary 1 and Proposition 5.

Corollary 3. If l is an elliptic Levi subalgebra of gC then Z(L) is connected and

Z(L) \KC is connected.

Proof. Z(L) is connected by the discussion in section 1.2 of [14].

If g is simple and equal rank then Z(L)\KC = Z(L) so there is nothing to prove.

If g is simple and not equal rank, then Z(L)\KC is connected by Proposition 5(a).

De�nition 7. If (g
C
)J is a standard elliptic pseudo Levi subalgebra, let dKJ denote

the cardinality of the cyclic group
ZJ \KC

(ZJ \KC
)0
.

The following result will be needed in the proof of Proposition 7 below.

Proposition 6. Here is a list of all the simple real algebras g for which g
C
contains

an elliptic pseudo Levi subalgebra (g
C
)J such that (1) dKJ > 2 and (2) (g

C
)J \ p

C

has a noticed element. After each real form g, we list the G
C
conjugacy classes of

the gJ . Each gJ is described by giving the isomorphism type of its semisimple part,

g
ss
J . The value of dKJ appears in parenthesis after g

ss
J . Note that all the real forms

in the following list are quasisplit.

EI: su(2; 1) � sl(3; C) (3); su(2; 2)� sl(2; C) (4).

EII: 3su(2; 1) (3).

EV : su(3; 3) � su(2; 1) (3); 2su(2; 2) � sl(2; R) (4); 3su(2; 1) (3).

EV I: 3su(2; 1) (3).

EV III: 2su(3; 2) (5); su(3; 3) � su(2; 1) � sl(2; R) (6); su(4; 4)� sl(2; R)

(4); so(6; 4)�su(2; 2) (4); su(5; 4) (3); EII � su(2; 1) (3); su(3; 3) � su(2; 1)

(3); 2su(2; 2) � sl(2; R) (4); 3su(2; 1) � sl(2; R) (3); 3su(2; 1) (3).

EIX: 3su(2; 1) (3).

FI: su(2; 1)� ^su(2; 1) (3); su(2; 2)� ^sl(2; R) (4).

GI (split real form of G2): su(2; 1) (3).

Note: ^su(2; 1) and ^sl(2; R) indicate that the corresponding roots in J are short.

Proof. Case by case veri�cation. The veri�cation is based on two essential facts.

First, Sommers [13] has determined the G
C
conjugacy classes of pseudo Levi subal-

gebras of g
C
for which dJ > 2. Second, from [10] one knows the simple g for which

g
C
\ p

C
contains noticed elements.

Assume g is classical. If g is equal rank, then for each J , dJ = dKJ . Sommers has

shown that for any pseudo Levi subalgebra (g
C
)J , dJ � 2. If g is not equal rank

then by applying Proposition 4, we �nd that in all cases dKJ � 2.

Assume g is exceptional. If g is equal rank, then for each J , dJ = dKJ . Sommers

has determined all the (G
C
conjugacy classes of) (g

C
)J for which dJ � 3. Using
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[10] one can determine which equal rank real forms of (g
C
)J are contained in g such

that (g
C
)J contains noticed elements. If g is not equal rank then g = EI; or EIV .

We now apply Proposition 4. If g = EIV , then dKJ � 2 in all cases. If g = EI, then

we �nd the semisimple part of gJ is either su(2; 1)�sl(3; C) or su(2; 2)�sl(2; C).

Let Out�(gC) denote the group of outer automorphisms of g
C
which commute

with �. The following lemma concerns the e�ect of automorphisms in Out�(gC) on

the noticed K
C
nilpotent conjugacy classes of certain simple algebras. The lemma

will be used in the proof of Proposition 7.

Lemma 7. (a) If e is a noticed nilpotent in p
C
, and T 2 Out�(gC ), then T (e) is a

noticed nilpotent.

(b)If g = EI, EII, sl(3; C), or su(p; q), then any automorphism in Out�(gC )

�xes each K
C
-conjugacy class of noticed nilpotents in p

C
.

Proof. (a) T (K
C
� e) = K

C
� e. Let fx; e; fg is a normal sl(2) triple containing e.

Since e is noticed, kfx; e; fg
C

= 0. Since fT (x); T (e); T (f)g is a normal triple con-

taining T (e) and k
fT (x); T (e); T (f)g
C

= T�1(kfx; e; fg
C

), we have kfT (x); T (e); T (f)g
C

= 0.

(b) By (a), if O is a noticed class in p
C
, and T 2 Out�(gC ), then T (O) is also

a noticed class. If g = sl(3; C), there is only one K
C
conjugacy class of noticed

nilpotent in p
C
, the principal class. If g = EI, the only non trivial element of

Out�(gC ) is � itself, so there is nothing to prove. We will only consider the case of

EII and organize the veri�cation steps into the following example. We leave the

case of su(p; q) to the reader.

Example 5. g = EII. Then from [1] and [10], there are 4 noticed nilpotent

orbits. Let use the notation of Appendix A. We can realize a system of simple

roots for k
C
= sl6(C) � sl2(C) using �1; �3; �4; �5; �6 for the �rst summand and

 = �1 + 2�2 + 2�3 + 3�4 + 2�5 + �6 for the second. Here the simple roots �4 is

noncompact imaginary. The non trivial automorphism T of Out�(gC ) �xes �2 and

�4 while interchanging �1 with �6 and �3 with �5. According to the table in [1],

the four noticed orbits have K
C
-labels 22222, 04040, 44044, 44444 on the sequence

�1; �3; �4; �5; �6 respectively. Clearly such a labelling will not change under the

action of T . Hence each noticed conjugacy class is preserved by T .

De�nition 8. Suppose e is a nilpotent in p
C
. Let L(e) denote the set of all triples

(l; q; MK
C

� e), where l is an elliptic pseudo Levi subalgebra of g
C
in which e is

noticed and q � l is a �-stable noticed parabolic for e. Here q has Levi decomposition

m � u; MK
C

is the connected subgroup of L with Lie algebra m \ k
C
; and \ "

denotes closure.

The next major result we need is the following analog of Proposition 9 in Som-

mers thesis.

Proposition 7. Let J be as usual. Assume that ((g
C
)J ; q; MK

C
� e) 2 L(e) Then

the triple ((g
C
)J ; q; MK

C
� e) determines a well de�ned conjugacy class in Ak(e).

The orbit (K
C
)J � e in (g

C
)J \ p

C
corresponds to the triple ((g

C
)J ; q; MK

C

� e)

in L(e).

Under the hypotheses of Proposition 7, it is clear that if the coset z(ZJ \KC
)0

generates ZJ \KC
=(ZJ \ KC

)0, z de�nes an element in Ak(e), namely the coset
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z(Ke
C
)0. However, one must show that the conjugacy class of z(Ke

C
)0 in Ak(e)

depends only on the triple ((g
C
)J ; q; MK

C
� e).

The proof of Proposition 7 depends on several lemmas.

Lemma 8. Assume (i) the hypotheses of Proposition 7 hold, (ii) the coset z(ZJ \

K
C
)0 generates ZJ \KC

=(ZJ \KC
)0, and (iii) dKJ = 1 or dKJ = 2. Then the image

of z determines a well de�ned conjugacy class in Ak(e).

Proof. By hypothesis ZJ \KC=(ZJ \KC)0 is either (a) trivial or (b) Z2. Suppose

z1(ZJ \KC
)0 and z2(ZJ \KC

)0 each generate ZJ \KC
=(ZJ \KC

)0. In case (a),

z1 and z2 both determine the trivial conjugacy class. In case (b), z1 = z2a where

a 2 (ZJ \KC
)0 � (Ke

C
)0, so that z1 and z2 determine the same element in Ak(e).

In light of Lemma 8, to complete the proof of Proposition 7, it su�ces to consider

the triples in L(e) containing (g
C
)J with dKJ � 3. We divide the set of such (g

C
)J

into three groups.

Group A: The following simple g and G
C
classes of elliptic pseudo Levi subal-

gebras. Each (g
C
)J is described by giving g

ss
J . The cardinality of dKJ appears in

parenthesis after gssJ .

EI: su(2; 1)� sl(3; C) (3).

EII: 3su(2; 1) (3).

EV I: 3su(2; 1) (3).

EV III: su(3; 3) � su(2; 1) � sl(2; R) (6); su(5; 4) (3); EII � su(2; 1) (3);

su(3; 3) � su(2; 1) (3); 3su(2; 1) (3).

EIX: 3su(2; 1) (3).

FI: su(2; 1)� ^su(2; 1) (3); su(2; 2)� ^sl(2; R) (4).

GI: su(2; 1) (3).

Group B: The following simple g and G
C
classes of elliptic pseudo Levi subalge-

bras. The relevant nilpotent conjugacy classes of p
C
which are noticed in (g

C
)J are

listed in parenthesis after (g
C
)J . The information about Ak(e) comes from [6].

EI: su(2; 2)� sl(2; C) (4) [class 23 - noticed, Ak(e) = S4].

EV : 3su(2; 1) (3) (class 27); su(3; 3) � su(2; 1) (3) (classes 69 and 70)

EV III: 2su(3; 2) (5) (class 68); 3su(2; 1) � sl(2; R) (3) (class 25); so(6; 4)�

su(2; 2) (4) [class 67 (Ak(e) = D(4)), class 68 (Ak(e) = S5){distinguished in

EVIII].

Group C: The following simple g and G
C
classes of elliptic pseudo Levi subalge-

bras. The relevant nilpotent conjugacy classes of p
C
which are noticed in (g

C
)J are

listed in parenthesis after (g
C
)J . In each case Ak(e) = Z4. This information comes

from [6].

EV : 2su(2; 2) � sl(2; R) (4) (class 50 - noticed in EV ).

EV III: su(4; 4)� sl(2; R) (4) (class 88-noticed in EV III); so(6; 4)� su(2; 2)

(4) (class 85 - distinguished in EV III); 2su(2; 2) � sl(2; R) (4) (class 38).

We introduce several notions that will be useful in the veri�cation of Proposition

7.

De�nition 9. Assume that g is equal rank, quasisplit and that �+
k is a �xed positive

root system for (k
C
; t

C
). Suppose that �+ is compatible with �+

k
, and � is the set

of simple roots for �+. Then, � is said to be special if each root in � is noncompact.

�+ and the Borel subalgebra of g
C
which it determines are also said to be special.
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We will often make use of the following observation. It is a consequence of

Corollary 5.8 and Theorem 6.2 in [3].

Remark 5. Special simple root systems exist for g
C
if and only if g is equal rank

and quasisplit. For EII and EV III there is a unique special simple root system

denoted �I. For EV , there are two such special simple root systems denoted by �I
and �II . These special simple root systems are described in Appendix A.

Veri�cation of Proposition 7 for (g
C
)J in Group A.

Lemma 9. If (g
C
)J belongs to Group A above then there exists w 2Wk such that

w(J) = J and

(1) If g is equal rank, the action of w on L=LJ generates the automorphism

group of the torsion subgroup of L=LJ .

(2) If g = EI, the action of w on
Z[�k]

LJ (t)
generates the automorphism group of

tor

�
Z[�k]

LJ (t)

�
.

De�nition 10. (Sommers element) Assume that g is simple and �+
k is a �xed

positive root system for (k
C
; t

C
), and �+ is a �-stable compatible system for �. As

usual � is the set of simple roots for �+, J ( e�. w0 denotes the longest element of

W. (w0)K denotes the longest element of Wk. (w0)J denotes the longest element

of WJ . The Sommers' element wS = wS(�; J) associated to J is de�ned to be

w0(w0)J .

Remark 6. If g = EV I, EV III, EIX, FI, or GI, then for any choice of �

compatible with �+
k , w0 = (w0)K = �1. If g = EII, then there exists � such that

w0 = (w0)K 6= �1. (See subcase (2) of proof of Lemma 9.)

Proof of Lemma 9. Case by case veri�cation. We show that for each g
ss
J at issue,

there exists a �-stable system � and a subset J ( e� such that the Sommers element

wS = wS(J; �) 2Wk. By the proof of Proposition 8 in [14], the element w = wS

satis�es the assertion in the lemma.

We divide the veri�cation of the existence of a suitable Sommers element into

three parts. Subcase (1): g 6= EII, and each simple component of gssJ is of type

su(2; 1). Subcase (2): g = EII and g
ss
J is of type 3su(2; 1). Subcase (3): at least

one simple component of gssJ is not of type su(2; 1).

Subcase (1) occurs for g = EV I, EV III, EIX, FI and GI. Suppose J ( e� for

some �-stable simple system �. Since J = J1 [ J2 [ : : : Js (disjoint union) where

each Ji corresponds to an su(2; 1) factor, there exists w in the Weyl group of

((gssJ )C; (g
ss
J )C \ t

C
) such that the simple roots in wJ are all noncompact. Since

w� is also a �-stable system, we might as well assume that all the roots in J

are noncompact. Therefore, for each i, Ji = f�i1; �
i
2g where �i1 and �i2 are each

noncompact. Since �i1 + �i2 is compact, the longest element of the Weyl group

of each Ji belongs Wk. Therefore, (w0)J 2 Wk. Since w0 2 Wk by Remark 6,

wS = wS(�; J) 2Wk.

Subcase (2): g = EII and gJ is of type 3su(2; 1). Let �0 and �I be the simple

systems for g given in Appendix A. Let  0 (resp.,  I) be the longest root of the

positive system determined by �0 (resp., �I).  0 is compact and  I is noncompact.

f�1; �3; �4; �5; �6;  0g comprises a simple system for k
C
. There is a single K

C
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conjugacy class of elliptic pseudo Levi subalgebras of type 3su(2; 1). (See Appendix

B.) We can construct a representative of this conjugacy class by choosing J � f�I ,
i.e., J = f�1; �3g[f�2; � Ig[f�5; �6g. As in subcase (1), we have (w0)J 2Wk

since  I as well as all the �i are noncompact. One checks that w0, the longest

element of W relative to the simple system �I , is equal to the longest element

of Wk for the simple system given for k
C
. It follows that the Sommers element

wS = w0(w0)J 2Wk.

Subcase (3). There is a single K
C
conjugacy class of elliptic pseudo Levi subal-

gebras l such that lR is of the given isomorphism type. One checks that a represen-

tative gJ of this conjugacy class can be chosen so that J � f�I where �I is de�ned
as in Appendix A. One also checks that the corresponding Sommers element wS lies

inWk. In most cases checking that wS lies inWk requires computer computation.

We will look at a few examples which do not require such checking.

Example 6. Suppose gJ is a representative of the elliptic pseudo Levi subalgebra

of type EII + su(2; 1) in EV III. Then we can assume that J ( f�I where �I is

the unique special simple system for EV III. J = J1 [ J2 where J1 is of type EII

and J2 is of type su(2; 1). J1 is a special simple system of EII, and J2 is a special

simple system of su(2; 1). (w0)J = (w0)J1 (w0)J2 . It follows from the discussion of

EII in subcase (2), that (w0)J1 2Wk. The discussion in subcase (1) implies that

(w0)J2 2Wk. Since (w0) = �1 2Wk, we see that wS(J; �I) 2Wk.

Lastly, we consider g = EI and gJ of type su(2; 1)� sl(3; C). EI is not equal

rank so the previous arguments must be modi�ed. We may assume that J (f�I . It
happens that in this case the restriction of the Sommers element wS(J; �I) to t

C

is an element w of Wk. Since tor

�
Z[�k]

LJ (t)

�
is isomorphic to the torsion subgroup

of L=LJ , this su�ces to establish (2) of Lemma 9.

To complete the veri�cation of Proposition 7 for (g
C
)J in Group A, we can

imitate Sommers' proof of Proposition 9 in [14].

Note that the images of z1 and z2 both generate ZJ \ KC
=(ZJ \KC

)0. Then

z2 � zl1 modulo (ZJ \ KC
)0 for some l prime to dKJ . By Lemma 9, we can �nd

w�1 2Wk such that w
�1(J) = J , and w�1 acts on the torsion subgroup of L=LJ by

multiplying each element by l. If �w in K
C
represents w, we have Ad( �w)z1 � zl1 � z2

modulo (ZJ \KC
)0.

In addition, Ad( �w) is a � stable outer automorphism of (g
C
)J . Using Lemma 7,

one checks case by case that the � stable outer automorphisms of (g
C
)J preserve

each (K
C
)J conjugacy class of noticed elements. Since Ad( �w)e and e belong to the

same (K
C
)J conjugacy class, there exists k 2 (K

C
)J such that Ad(k �w)e = e, i.e,

k �w 2 Ke
C
. Since z2 2 ZJ \KC

, and k 2 (K
C
)J , we have Ad(k �w)z1 � z2 modulo

(ZJ \KC
)0. Since (ZJ \KC

)0 � (K
C

e
)0, we have shown that z1 and z2 determine

the same conjugacy class in Ak(e).

This completes the veri�cation of Proposition 7 for Group A.

Veri�cation of Proposition 7 for gJ in group B.

The argument of the following lemma can be applied in each of the cases in

group B.

Lemma 10. Proposition 7 holds if g = EV with gJ = su(3; 3) � su(2; 1).
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Proof. gJ = su(3; 3) � su(2; 1). (There is one K
C
conjugacy class of this type

of subalgebra.) The nilpotent classes of EV which are noticed in (g
C
)J are classes

69 and 70 in Djokovic's list. ZJ \ KC
=(ZJ \ KC

)0 = Z3. Classes 69 and 70 are

distinguished (so that g = EV is the minimal elliptic Levi subalgebra containing

each one). From Djokovic's tables, each class is also noticed in an elliptic pseudo

Levi subalgebra of type so(6; 6)� sl(2; R). (There is only one K conjugacy class

of such algebras).

For both class 69 and 70, Ak(e) = S3. (The reasoning is as follows. Since

each class is distinguished, Gfx; e; fg is discrete. From Sommers work, we know

that Gfx; e; fg = A(e) = S3. Since both classes lie in su(3; 3) � su(2; 1) and

so(6; 6) � sl(2; R), Z3 and Z2 belong to Kfx; e; fg. It follows that Kfx; e; fg =

Gfx; e; fg = S3.) Thus, each generator of ZJ \KC
=(ZJ \KC

)0 = Z3 lies in the

same conjugacy class of Ak(e).

The other cases in group B are handled as in Lemma 10.

For, EI: su(2; 2) � sl(2; C) (Z4) (class 23), we use the fact that Ak(e) = S4
([6]) which has only one conjugacy class of elements of order 4.

For EV III: 3su(2; 1) � sl(2; R) (Z3) (class 25), we use the fact that, Ak(e) =

S3 ([6]).

EV III: so(6; 4)� su(2; 2) (4) [class 67 (Ak(e) = D(4))].

EV III: so(6; 4)� su(2; 2) (4) [class 68 (Ak(e) = S5){distinguished].

EV III: 2su(3; 2) (5) [class 68 (Ak(e) = S5){distinguished].

This completes the veri�cation of Proposition 7 for Group B.

Veri�cation of Proposition 7 for gJ in Group C.

Consider �rst gJ = 2su(2; 2) � sl(2; R) inEV . There is oneK
C
-conjugacy class

of elliptic pseudo Levi subalgebras of type 2su(2; 2) � sl(2; R). If e is noticed in

the corresponding elliptic pseudo Levi subalgebra, then e belongs to K
C
conjugacy

class 50 in Djokovic's list. We have ZJ = ZJ \KC
= Kfx; e; fg

C
= Ak(e) = Z4.

Suppose that (l0; b
0; W 0) 2 L(e), with Z(L0) = Z4. There is an element of

k 2 K
C
which conjugates this triple to (l; b; W ) where lR = 2su(2; 2) � sl(2; R),

b = t
C
� n is a special Borel subalgebra of l and W = n=[n; n]. From Appendix A,

�I and �II are the unique special simple systems of EV . From Appendix B, the

simple roots of b form a system of type 2A3+A1 and must be a subset of one of the

following extended simple systemsf�I, ŝ�2�I , f�II or ŝ�2�II . Let these subsets of the
extended simple systems just listed be denoted J 0i, i = 1; : : : ; 4. It is known that

no two of the simple systems �I, s�2�I , �II and s�2�II are conjugate under Wk.

Let w[ denote the automorphism of � de�ned by the assignment: � I 7! ��7,

�1 7! �5 + �6 + �7, �3 7! ��5, ��2 7! �2, �5 7! �3, �6 7! �1 and �7 7! � I . Then

one can check that w[ 2Wk (see Appendix B), w[(J 01) = J 03, and w
[(J 02) = J 04. It

follows that the triples (l; b1; W1) and (l; b3; W3) are conjugate under KC
, and

the triples (l; b2; W2) and (l; b4; W4) are conjugate under KC
. At the same time

(l; b1; W1) and (l; b2; W2) are not conjugate under KC
since �I and s�2�I are not

conjugate under Wk. It follows that there are two K
C
conjugacy classes in L(e).

Thus one can match the pair of generators z and z3 of Z4 to the two KC
conjugacy

classes in L(e). (One can distinguish z and z3 by the value taken by e�4 on each

element.)

For EV III: su(4; 4)� sl(2; R) (class 88, noticed), we argue as above using the

extended systems f�I and ŝ�1�I. There are two KC
conjugacy classes in L(e). One



20 D. R. King and A. G. Noel

can match the pair of generators z and z3 of Z4 to the two K
C
conjugacy classes

in L(e).

For EV III: so(6; 4) � su(2; 2) (class 85 - distinguished), we argue as above

using the extended systems f�I and ^s�2s�5�I. We obtain the same conclusion as for

the elliptic pseudo Levi subalgebra su(4; 4)� sl(2; R).

For EV III: 2su(2; 2) � sl(2; R) (class 38), we argue as above using the

extended systemsf�I , ŝ�1�I , ^s�2s�5�I , and ^s�2s�5s�1�I . It turns out that the Borel

subalgebra of 2su(2; 2) � sl(2; R) constructed on f�I is Wk conjugate to the

Borel subalgebra of 2su(2; 2) � sl(2; R) constructed on ^s�2s�5s�1�I . Likewise

the Borel of 2su(2; 2) � sl(2; R) constructed on ŝ�1�I isWk conjugate to the one

built on ^s�2s�5�I . One can choose the following element w# of Wk to accomplish

both conjugations. If we identify the real span of the roots of EV III with R8,

and write the roots of �0 (see Appendix A) as in Appendix C of [7], then w#

switches coordinates 1 and 2, 3 and 5, 4 and 6 and 7 and 8. Since Wk contains the

permutations of the coordinates of a vector in R8, w# 2Wk. On the other hand,

it is easy to check that the Borel subalgebra constructed onf�I is notWk conjugate

to the one constructed on ŝ�1�I . We conclude as in the previous cases in group C

that there are exactly two K
C
conjugacy classes in L(e) which are matched to the

two generators of Ak(e).

This completes the veri�cation of Proposition 7. This proposition can be refor-

mulated as follows.

Corollary 4. There is a well de�ned map from L(e) to the set of pairs (e; C)

where C is a conjugacy class in Ak(e). This map is de�ned as follows. Assume

that ((g
C
)J ; q; W ) 2 L(e), z 2 ZJ \KC

, and z(ZJ \KC
)0 generates ZJ \ KC

=

(ZJ \KC
)0. Let [((gC)J ; q; W )] denote the set of K

C
conjugates of ((g

C
)J ; q; W )

in L(e). Let [z(Ke
C
)0] denote the conjugacy class of (the coset) z(Ke

C
)0 in Ak(e).

Suppose that the pair ((g
C
)J ; e) is not one of those in group C in the proof of

Proposition 7. Then we stipulate that

((g
C
)J ; q; W ) 7! (e; [z(K

C

e)0]):(2.14)

Suppose ((g
C
)J ; e) lies in group C. Let ((g

C
)0J ; q

0; W 0) be a representative of

the other K
C
conjugacy class in L(e). Then each triple in [((g

C
)J ; q; W )] maps

to (e; [z(Ke
C
)0]) and each triple in [((g

C
)0J ; q

0; W 0)] maps to (e; [z3(Ke
C
)0]).

If z 2 G
C
, and S � G

C
. Let Zg

C
(x; S) (resp., ZG

C
(x; S)) denote the centralizer

of the set fz; Sg in g
C
(resp. G

C
). We will require the following result which is a

consequence of results about automorphisms of semisimple Lie algebras in [11] (See

Problem 16 and Theorem 3 of chapter 4, section 4).

Proposition 8. [11] Let R be a reductive subgroup of G
C
. Let x; y 2 R be two

semisimple elements in R whose images in R=R0 are in the same conjugacy class.

Let S be a maximal torus in the reductive group (Rx)0. Then for some g 2 R, and

s 2 S, we have gyg�1 = xs. In particular, Zg
C
(x; S) � Ad(g)Zg

C
(y).

De�nition 11. Assume that g is simple. Let L be an elliptic pseudo Levi subgroup

with center Z and Lie algebra l. Given a nilpotent e 2 p
C
and a conjugacy class

C in Ak(e) , we say that l has the key property for (e; C) if e 2 l and there exists

z 2 Z \K
C
such that:
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(a) The image of z generates the cyclic group Z \K
C
=(Z \K

C
)0

and

(b) the image of z in Ak(e) belongs to C.

Remark 7. Assume that l and z are as in De�nition 11. Since l is an elliptic,

pseudo Levi subalgebra, l = g
z0

C
for some z0 2 Z \ K

C
. Since the image of z

generates Z \K
C
=(Z \K

C
)0 and this quotient is cyclic, we have z0 = zns for some

non-negative integer n and s 2 (Z \K
C
)0. Therefore,

l � Zg
C
(z; (Z \ K

C
)0) � Zg

C
(zns) = l;

so that l = Zg
C
(z; (Z \K

C
)0).

Assume that (e; C) is a pair as in De�nition 11. We will construct an elliptic

pseudo Levi subalgebra l with the key property for (e; C). We proceed as in

Sommers [14]. Assume that m = fx; e; fg is a normal triple containing e. Set

R = Km
C
. Since Ak(e) = R=R0, , let z 2 R represent C. Since each element in

R can be written as the product of a semi-simple and a unipotent element which

commute, and the unipotent factor lies in R0, we may assume that z is semisimple.

Lemma 11. Let S be a maximal Cartan subgroup of (Rz)0. Then,

l := ZG
C

(z; S)(2.15)

is an elliptic pseudo-Levi subalgebra containing e. If s is the Lie algebra of S, then

s = s \ k � i(s \ k). So that, S = S \K exp(i(s \ k)). If we choose a monothetic

element s in the torus S \K, then L will be the connected component of Gzs
C
.

Proof. By construction, the element z satis�es part (b) of De�nition 11. So it

remains to verify part (a) of the de�nition.

If g is equal rank, then Z(L) = Z(L) \K
C
, so Sommers' work implies that part

(a) of De�nition 11 holds.

If g is not equal rank, then either (i) g is classical; (ii) g = EIV ; or (iii) g = EI.

Assume we are in case (i) or case (ii). By applying Proposition 4, we �nd that

Z(L)\K
C
=(Z(L)\K

C
)0 is either trivial or Z2. From Sommers' results (see Remark

3 of [13]), we know that the image of z generates Z(L)=Z(L)0. If Z(L)=Z(L)0 is

not trivial, then Z(L) \K
C
=(Z(L)0 \KC

) is non trivial and must be generated by

the image of z. Recall the exact sequence (2.5):

(1)!
Z(L)0 \KC

(Z(L) \KC)0
!

Z(L) \KC

(Z(L) \KC)0
!

Z(L) \KC

Z(L)0 \KC
! (1):

It follows that Z(L) \K
C
=(Z(L)\K

C
)0 is non trivial. Hence it is equal to Z2 and

is generated by the image of z.

On the other hand, if Z(L)=Z(L)0 is trivial, then either

(1) Z(L)0 \KC
=(Z(L) \K

C
)0 is trivial or;

(2) Z(L)0 \KC
=(Z(L) \K

C
)0 = Z2

by Propositions 4 and 5. In case (1) the image of z is the trivial coset and there

is nothing to prove. In subcase (2) , z =2 (Z(L) \K
C
)0 since it was chosen to lie

outside of R0. So the image of z must generate the whole quotient.

In case (iii) the only elliptic pseudo Levi subalgebras where the cardinality of

Z(L) \ K
C
=(Z(L) \K

C
)0 exceeds 2 are those whose real forms have semi-simple
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parts of isomorphism type su(2; 1)� sl(3;C) and su(2; 2)� sl(2; C). For the �rst

subalgebra, Z(L) \K
C
= (Z(L) \K

C
)0 is Z3 and since z =2 R0, z(Z(L)\KC

)0 must

generate the full quotient. For the second subalgebra, Z(L) \K
C
=(Z(L)\K

C
)0 is

Z4. The exact sequence (2.5) becomes:

(1)! Z2 ! Z4 ! Z2 ! (1):(2.16)

The coset z(Z(L)\K
C
)0 must generate Z(L)\K

C
=(Z(L)0\KC

), the �nal Z2 in the

preceding exact sequence. Thus z =2 Z(L)0 \KC
, and so the coset z(Z(L) \K

C
)0

does not have order 2 in Z(L) \K
C
=(Z(L)\K

C
)0. Therefore, this coset must have

order 4 and generate all of Z(L) \K
C
=(Z(L) \K

C
)0 = Z4.

It follows that in all cases, L has the key property for (e; C).

Proposition 9. The subalgebra l de�ned in (2.15) is minimal among the elliptic

pseudo-levi suablgebras with the key property for (e; C). Moreover any other mini-

mal pseudo-Levi subalgebra with the key property for (e; C) is conjugate to l by an

element of Ak(e).

Proof. We imitate the proof of Proposition 12 in [14]. We use the notation imme-

diately preceding equation (2.15).

Suppose l
0 is another elliptic pseudo-Levi subalgebra with the key property for

the pair (e; C). Let L0 be the corresponding connected subgroup of G
C
. Since l

0

has the key property for (e; C), Remark 7 implies that there exists z0 2 Z(L0)\K
C

and s0 2 (Z(L0) \K
C
)0 such that l0 = g

z0s0

C
and the image of z0 in Ak(e) lies in C.

It follows that the image of z0s0 in Ak(e) also lies in C.

Let m = fx0; e; f 0g be a normal triple in l
0. Then z0s0 centralizes m

0. By the

work of Kostant and Rallis [9], there exists g 2 K
C

e such that Ad(g)(m0) = m. If

we conjugate l
0, L0, and z0s0 by g, we can assume that z and z0s0 are semisimple

elements in R which represent the same conjugacy class in the component group of

R. Applying Proposition 8, there exists g0 2 R such that Zg
C
(z; S) = l is contained

in Ad(g0)(g
C

z0s0) = Ad(g0)l0.

Proposition 10. Let l be a minimal elliptic pseudo-Levi subalgebra with the key

property for (e; C). Then, e is noticed in l.

Proof. We adapt the proof of Proposition 13 in [14].

Let z(l) be the center of l and c = z(l) \ k
C
. Suppose that e is not noticed in

l. Let y 2 l \ k
C
be a semi-simple element such that [y; e] = 0 but y =2 c. Set c

�

equal to the subalgebra generated by c [ fyg. Then c
� is a toral subalgebra and

l
� = l

c[fyg = l
c� is an elliptic pseudo-Levi subalgebra which contains e. L� denotes

the connected subgroup of G
C
corresponding to l

�.

We now show that l
� has the key property for (e; C). Let z be an element

satisfying (a) and (b) of De�nition 11 for l. Then the image of z in Ak(e) lies in C

and by Remark 7, L = ZG
C

(z; (Z(L) \K
C
)0)0. Since L� = Lc

�

, and Z(L) �xes

each element of c�, we have Z(L) � Z(L�), so that z 2 Z(L�) \K
C
. It remains to

show that the image of z in Z(L�)\K
C
=(Z(L�)\K

C
)0 generates this cyclic group.

It follows from the de�nition of l� that L� = ZG
C
(z; exp(c�))0. Moreover c

� �

z(l�) \ k
C
. Remark 3 in [13] implies that the image of z generates the cyclic group

Z(L�)=Z(L�)0 = Z(L�)\K
C
=Z(L�)0\KC

. Now consider the exact sequence (2.5):

(1)!
Z(L�)0 \KC

(Z(L�) \KC)0
!

Z(L�) \KC

(Z(L�) \KC)0
!

Z(L�) \KC

Z(L�)0 \KC
! (1):
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If g is equal rank, then Z(L�) \K
C
= Z(L�), so that Z(L�) \K

C
=Z(L�)0 \KC

=

Z(L�) \K
C
=(Z(L�) \K

C
)0 and we are done.

If g is not equal rank, then we only have to consider the case in which

Z(L�)0 \KC
=(Z(L�) \K

C
)0 = Z2:

(Otherwise by part (b) of Lemma 4, Z(L�)0 \ KC
=(Z(L�) \ K

C
)0 is trivial and

again Z(L�) \K
C
=Z(L�)0 \KC

= Z(L�) \K
C
=(Z(L�) \K

C
)0.) In this case, we

may also assume that Z(L�) \K
C
=Z(L�)0 \KC

is not trivial. For if this quotient

is trivial, Z(L�) \K
C
=(Z(L�) \K

C
)0 = Z2, which then must be generated by the

image of z. We are thus reduced to the case in which g = EI, and the semi-simple

part of l�
R
= su(2; 2)� sl(2; C). In the proof of Lemma 11, we showed that image

of z generated Z(L�) \K
C
=(Z(L�) \K

C
)0.

We have now established that in all cases, l� has the key property for (e; C).

This contradicts the minimality of l. Therefore, the element y postulated at the

beginning of the proof does not exists. Thus e must be noticed in l.

Proof of Theorem 1.

By Corollary 4 there is a well de�ned map from L(e) to the set of pairs (e; C)

where C is a conjugacy class in Ak(e). The assignment is surjective because given

a pair (e; C) we can �rst construct (as in equation (2.15)) an elliptic pseudo Levi

subalgebra l which contains e and has the key property for (e; C). Propositions 9

and 10 then imply that e is noticed in l. We then obtain the parabolic q, and the

subspace W to complete the triple (l; q; W ).

It remains to show that the mapping is injective on the K
C
conjugacy classes

of L(e). Suppose that (l; q; W ) and (l0; q
0; W 0) are two triples in L(e) that are

mapped to the pair (e; C). Then l and l
0 must have the key property for the

pair (e; C). Since e is noticed in l and l
0, each pseudo Levi subalgebra must be

minimal with respect to having the key property. (Here is an explanation of this

fact. Assume that l� � l is an elliptic pseudo Levi subalgebra with the key property

for (e; C). We must have l� = Zg
C

(z; (Z(L�)\K
C
)0). If l

� is a proper subalgebra

of l, then (Z(L) \K
C
)0 must be a proper subset of (Z(L�) \K

C
)0, contradicting

the fact that e is noticed in l.)

Let fx; e; fg and fx0; e; f 0g be normal sl(2)-triples in l and l
0 respectively. By

the proof of Proposition 9 there exists k 2 K
C

fx; e; fg such that k �l = l
0. Therefore,

the triple fx; e; fg also belongs to l
0. We can now �nd k� 2 (L0 \K

C
)e so that

x0 = k�x. Since q
0 (respectively k � q) is the sum of the non negative eigenspaces

of x0 (respectively x) in l
0, and W 0 (respectively kW ) is the 2-eigenspace of x0

(respectively x) intersected with p
C
we see that the triples (l; q; W ) and (l0; q0; W 0)

are conjugate under the element k�k.

Proof of Theorem 2.

Since e is noticed in g
C
,Kfx; e; fg is �nite. ThusAk(e) = K

fx; e; fg
C

= Kfx; e; fg.

Since e is distinguished in fg
C
(e), eA(e), the component group of e in fG

C
(e) is the

same as fG
C
(e)fx; e; fg. We also have K

fx; e; fg
C

� Kx
C
� fG

C
(e). In addition,fG

C
(e)fx; e; fg � Kx

C
. Therefore, eA(e) = fG

C
(e)fx; e; fg = Kfx; e; fg

C
= Kfx; e; fg =

Ak(e).

Let eL(e) denote the set of pairs (~l0; ~q0) such that ~l0 is a pseudo elliptic Levi sub-

algebra of fg
C
(e) and ~q0 is a distinguished parabolic of ~l0 for e. Suppose (l; q; W ) 2
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L(e). If el is the r-carrier subalgebra of e in l, then e is distinguished in el , and so

lies in a distinguished parabolic subalgebra eq ofel. The triple (l; q; W ) is not one of

those in group C in the proof of Proposition 7. (Otherwise the hypotheses on eGC(e)
would be violated.) This implies that there exists a cyclic generator z 2 Z(L)\K

C

such that l = g
z
C
. (If z0 is another such generator, then z0 is conjugate to z under

Kfx; e; fg
C

.) Then, el = fg
C
(e)z showing that el is a pseudo Levi subalgebra of fg

C
(e).

Therefore, the assignment

(l; q; W ) 7! (el; eq)(2.17)

gives a well de�ned map from K
C
conjugacy classes of triples in L(e) to fG

C
(e)

conjugacy classes of pairs in eL(e).
It is not hard to show that the mapping in (2.17) is injective. Since Ak(e) = eA(e),

the two component groups have the same conjugacy classes. The surjectivity of

(2.17) follows from Theorem 1 and Theorem 14 of [14].

Appendix A. Simple root systems for real exceptional simple

algebras

We list certain simple root systems (of the real exceptional simple Lie algebras)

on the fundamental Cartan subalgebra that are needed in our proofs. For each

simple algebra below, �0 denotes the Vogan system of simple roots described by

Knapp in Appendix C of [7]. We also choose the same underlying positive root

system for (k
C
; t

C
) as Knapp. We call this positive root system �+

k
and note that

�0 is compatible with �+
k .

EI. We have �0 = f�1; �2; �3; �4; �5; �6g. Here �1; �3; �5; �6 are complex

with �(�1) = �6, and �(�3) = �5. �2 is noncompact imaginary. �4 is compact

imaginary. Set

�I = s�2�0 = f�1; ��2; �3; �2 + �4; �5; �6g:

EII. �0 = f�1; �2; �3; �4; �5; �6g. Here, �i is compact if i 6= 2, and �2 is

noncompact.

�I = f�1; �2; �3; �4; �5; �6g;

where �1 = �(�1+�2+�3+�4), �2 = �2+�3+2�4+�5, �3 = �1+�2+�3+�4+�5,

�4 = �(�2+�3+�4+�5), �5 = �2+�3+�4+�5+�6 and �6 = �(�2+�4+�5+�6).

EV. �0 = f�1; �2; �3; �4; �5; �6; �7g. Here, �i is compact if i 6= 2, and �2
is noncompact.

�I = f�1; �2; �3; �4; �5; �6; �7g;

�II = s�7s�5s�2�I = f�1; ��2; �3; �2 + �4 + �5; ��5; �5 + �6 + �7; ��7g

where �1 = �(�1+�2+�3+�4), �2 = �2+�3+2�4+�5, �3 = �1+�2+�3+�4+�5,

�4 = �(�2+�3+�4+�5), �5 = �2+�3+�4+�5+�6, �6 = �(�2+�4+�5+�6),

and �7 = �2 + �4 + �5 + �6 + �7. Note that  I , the longest positive root of the

system determined by �I , is given by  I = �1 + �2+ 2�3 + 3�4+ 3�5+ 2�6 +�7.
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EVI. �0 = f�1; �2; �3; �4; �5; �6; �7g. Here, �i is compact if i 6= 1, and �1
is noncompact.

�I = f�1; �2; �3; �4; �5; �6; �7g;

where �1 = �1+�2+2�3+2�4+�5, �2 = �1+�2+�3+2�4+2�5+�6, �3 = �6,

�4 = �(�1+�2+�3+2�4+�5+�6), �5 = �4, �6 = �1+�2+�3+�4+�5+�6+�7,

and �7 = �(�1 + �3 + �4 + �5 + �6 + �7).

EVIII. �0 = f�1; �2; �3; �4; �5; �6; �7; �8g. Here, �i is compact if i 6= 1,

and �1 is noncompact.

�I = f�1; �2; �3; �4; �5; �6; �7; �8g;

where �1 = �(�1 + �2 + 2�3 + 2�4 + �5), �2 = �1 + �2 + �3 + 2�4 + 2�5 + �6,

�3 = �1 + �2 + 2�3 + 2�4 + �5 + �6, �4 = �(�1 + �2 + �3 + 2�4 + �5 + �6),

�5 = �1+�2+�3+2�4+�5+�6+�7, �6 = �(�1+�2+�3+�4+�5+�6+�7),

�7 = �1+�2+�3+�4+�5+�6+�7+�8, and �8 = �(�1+�3+�4+�5+�6+�7+�8).

EIX. �0 = f�1; �2; �3; �4; �5; �6; �7; �8g. Here, �i is compact if i 6= 8, and

�8 is noncompact.

�I = f�1; �2; �3; �4; �5; �6; �7; �8g;

where �1 = �1 + 2�2 + 2�3 + 3�4 + 2�5 + �6 + �7 + �8, �2 = �5, �3 = �(�1 +

�2+ 2�3+ 3�4+ 2�5+�6 +�7+�8), �4 = �4, �5 = �1+ �2+ 2�3+ 2�4+ 2�5+

2�6 + �7 + �8, �6 = �(�1 + �2 + �3 + 2�4 + 2�5 + 2�6 + �7 + �8), �7 = �1, and

�8 = �2 + �3 + 2�4 + 2�5 + 2�6 + 2�7 + �8.

FI. �0 = f�1; �2; �3; �4g where �1; �2; and �3 are compact and �4 is

noncompact. �1 and �2 are short. �3 and �4 are long.

�I = f�1; �2; �3; �4g

where �1 = �(�1+�2+�3+�4), �2 = �1+2�2+�3+�4, �3 = �(2�2+�3+�4),

and �1 = 2�2 + 2�3 + �4.

G. �0 = f�; �g where � is compact and short, and � is noncompact and long.

�I = f�+ �; ��g

Appendix B. K
C
conjugacy classes of elliptic pseudo Levi

subalgebras for real exceptional simple algebras

The authors are not aware of any published classi�cation of the K
C
conjugacy

classes of elliptic pseudo Levi subalgebras for a simple exceptional real algebra g.

So we will brie
y discuss how one can establish the assertions made in the proof of

Proposition 7 concerning K
C
conjugacy classes of various isomorphism types.

For speci�city, we assume g = EV and consider the K
C
conjugacy classes of

elliptic pseudo Levi subalgebras l such that lR is of isomorphism type su(3; 3) �

su(2; 1) or of type 2su(2; 2)� sl(2; R). Given lR, one can �nd a positive system

of roots for (k
C
; t

C
), a compatible set of simple roots � for g

C
, and a subset J ( e�

such that lR = gJ . Assume that the positive system for (k
C
; t

C
) is �+

k , the same

one chosen in Appendix A. Since lR is quasisplit, there exists w 2WJ such that all

the roots in w(J) are noncompact. We have w(J) ( ]w(�). But w(�) is conjugate
under Wk to a set of simple roots �0 which is compatible with �+

k . So we might

as well assume from the start that J is a special simple root system for gJ . Let S



26 D. R. King and A. G. Noel

denote the set of simple sets �0 for EV which are compatible with �+
k . There are

exactly 72 simple systems �0 in S, and no pair of these systems is conjugate under

Wk. By inspecting each of the corresponding e�0, we �nd that the following holds.

Set  I equal to the longest positive root relative to the simple system �I . If gJ
is of type su(3; 3) � su(2; 1), then � = �I or �II. In fact, J must be one of the

following subsets:

J1 = f� I ; �1; �2; �3; �4; �6; �7g;

J2 = f� I ; �1; �2; �4; �5; �6; �7g;

J3 = f� I ; �1; ��2; �3; �2 + �4 + �5; �5 + �6 + �7; ��7g

J4 = f� I ; �1; ��2; �2 + �4 + �5; ��5; �5 + �6 + �7; ��7g:

We observe that J4 = s�2s�5s�7(J2). Since �2; �5; �7 2 J2, we see that J4 and

J2 determine (span) the same root system, and hence determine the same algebra

gJ . Furthermore, there exists w[ 2 Wk such that w(J1) = J4 and w(J2) = J3.

This element is de�ned as follows: � I 7! ��7, �1 7! �5 + �6 + �7, �3 7! ��5,

�4 7! �2 + �4 + �5, �2 7! ��2, �6 7! �1 and �7 7! � I . (The fact that w
[ 2Wk

can be demonstrated as follows. The roots of the simple system �0 of E7 can be

rewritten in terms of a certain dependent set of vectors "i, i = 1; : : : ; 8. (See Table 1

in Reference Chapter of [11].) Wk can be identi�ed with the set of permutations of

the "i, and w
[ can be shown to be such a permutation.) It follows from Proposition

2 that the subalgebras gJi , i = 1; : : : ; 4 are conjugate under K
C
. So there is a

single K
C
conjugacy class of isomorphism type su(3; 3)� su(2; 1).

If gJ is of type 2su(2; 2)� sl(2; R), then (a) � = �I or �II or (b) there exists a

noncompact � 2 J \ � such that s�(�) = �I or �II . In fact, J must be one of the

following subsets:

J 01 = f� I ; �1; �2; �3; �5; �6; �7g;

J 02 = f� I ; �1; ��2; �3; �5; �6; �7g;

J 03 = f� I ; �1; ��2; �3; ��5; �5 + �6 + �7; ��7g

J 04 = f� I ; �1; �2; �3; ��5; �5 + �6 + �7; ��7g:

We see that J 02 = s�2(J
0
1), J

0
3 = s�2s�5s�7(J

0
1), and J 04 = s�5s�7(J

0
1). Since

�2; �5; �7 2 J 01, the subsets J
0
i span the same root system, and so determine the

same algebra gJ . It follows that there is a single KC
conjugacy class of isomorphism

type 2su(2; 2)� sl(2; R).

The other assertions in the proof of Proposition 7 about K
C
conjugacy classes of

elliptic pseudo Levi subalgebras of other simple g can be established by arguments

similar to those above utilizing the simple root systems �I de�ned in Appendix A.
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