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ABSTRACT. Let G be the adjoint group of a simple Lie algebra g, and let
Kc — Aut(pc) be the complexified isotropy representation at the identity
coset of the corresponding symmetric space. If e € pc is nilpotent, we con-
sider the centralizer of e in K. We show that the conjugacy classes of the
component group of this centralizer can be described in terms generalizing the
Bala-Carter classification of nilpotent orbits in the complexification of g.

1. INTRODUCTION

In [10], the second author presented a classification of nilpotent elements in a
complex symmetric space which generalizes the Bala-Carter classification of nilpo-
tent elements in a complex semi-simple Lie algebra. (By complex symmetric space
we mean the complexified tangent space at the identity coset of a non compact
symmetric space G/K.) Inspired by the main results of [14], we extend this clas-
sification to provide additional information about the centralizers of nilpotents in
a complex symmetric space. Precise knowledge of the centralizer of such a nilpo-
tent is needed to “quantize” its orbit, i.e.; to construct a corresponding irreducible
unitary representation of G. (See Theorem 8.12 of [4].)

In order to state our main results (Theorems 1 and 2 below) we require some
notation and definitions. We assume that g is a real simple Lie algebra with Cartan
decomposition g = €& p. 4 is the associated Cartan involution. Let g, ¢ and
pc denote the complexifications of g, ¥ and p respectively. 8 extends to a complex
linear involution on g, . Let o denote conjugation relative to the real form g of g .
The algebra U = £+ ip is a “compact” real form of g_. 7 denotes conjugation of g,
with respect to it. G¢ is the adjoint group of gc. G, K, and K¢ are the connected
subgroups of G¢ corresponding to the Lie algebras g, ¢, and £c.

Definition 1. If e is a nilpotent element of pc, let A(e) and Ai(e) denote the
component groups Gg/(Gg)o and K&/(K&)o respectively. Gt is the centralizer
of e in G. (G¢)o is the identity component of GY,. K¢ and (K¢ )o are defined
analogously.

Proofs should be sent to Donald R. King, Department of Mathematics, Northeastern University,
Boston, MA 02115.
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Definition 2. An ordered triple {71, 72, 73} of elements in g, (or @) is said to
be an sl(2)-triple if the following commutation relations are satisfied: [7Z1, 7a] =
279,71, 73] = =273, and [Za, Z3) = Z1. The sl(2)-triple {71, Z2, Z3} is said to be
normal if 71 € ¥,, and Zs, Z3 € p,.

Let N[p.] denote the set of nilpotent elements in p, and N[p.]/K. denote
the set of K orbits in M[p.]. Kostant and Rallis [9] have shown that there is a
bijection between K, conjugacy classes of normal sl(2)-triples of g, and N[p.]/
K.
Definition 3. [14] [ is said to be a pseudo Levi subalgebra of g¢ if it is the
centralizer in gc of a semisimple element of Go. A pseudo Leuvi subalgebra [ is said
to be elliptic if it is the centralizer of an elliptic element of K. A Levi subalgebra
15 said to be elliptic if it 1s the centralizer of a torus in .

Note that an elliptic pseudo Levi subalgebra may also be a non elliptic Levi
subalgebra. For example, if g = s{(3, R), then the centralizer in s{(3, C) of the
vector part of the fundamental Cartan subalgebra is also an elliptic pseudo Levi
subalgebra.

Definition 4. Let [ be a reductive subalgebra (resp. 0-stable reductive subalgebra)
of gc. A nilpotent element e in [ (resp. [Npg) is said to be distinguished (resp.
noticed ) in [ if the conditions z € [ (resp. z € INtc), z is semisimple and [z, ] =0
wmply that z is in the center of .

If e is distinguished (resp. noticed) in [, a parabolic subalgebra (resp. 0-stable
parabolic subalgebra) q of | is said to be noticed for e if there is an sl(2)-triple
(resp. normal sl(2)-triple) {x, e, f} in [ for which q is the sum of the non-negative
eigenspaces of ad(x) acting on . q has Levi decomposition m & u, where u (resp.,
m) is the sum of the of the positive (resp., zero) eigenspaces of ad(x).

Remark 1. If [ in Definition 4 is semisimple, then we have the following charac-
terizations of distinguished and noticed nilpotents. e is distinguished (resp., noticed)
in Uif and only if there is an sl(2)-triple (resp., normal sl(2)-triple) {z, e, f} such
that 1% ¢ 1Y (resp., (I0e )1 & 1) equals zero.

Our first result generalizes Theorem 14 of [14]:

Theorem 1. There is a bijection between (1) K¢ conjugacy classes of pairs (e, C'),
where e is a nilpotent in pc and C' is a conjugacy class in Ay (e); and (2) K¢ conju-
gacy classes of triples (1, q, Mk, -e), where [ is an elliptic pseudo Levi subalgebra
i which e 1s noticed and q C [ is a 8-stable noticed parabolic for e. Here q has Levi
decomposition m @ u; Mk, s the connected subgroup of L with Lie algebra mN €, ;

and “

7 denotes closure.

Remark 2. [t is known from [10] that the set Mg _ -e in Theorem [ is the 2-
ergenspace of x i [Ny, .

We first give some examples of the bijection asserted in Theorem 1. In these
examples, when describing the triples ([, g, Mk -e), we will specify [ by giving
its real form [g = [N g inside g. We also often omit a precise description of g and
Mp, - e. For g exceptional, the conjugacy classes in N[p.]/ K are given in [1] and

[2]. We will often refer to these references collectively as Djokovic’s tables.
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Example 1. Let g = sl(3, R). There are two non-zero K, conjugacy classes
of nilpotents in p., the regqular class K, - e1 and the non-regular (minimal) class
K -es. e; and es may be chosen to lie in the same 0-stable Borel subalgebra b of g, .
Ag(er) = {1} and we associate the pair (ey, {1}) to the triple (sl(3, C), b, Cey).
Ag(es) = Zo = {1, —1}. We associate (ea, {1}) to the triple (sl(3, C), b, Ces),
and we associate (ea, {—1}) to the triple (sl(2, R)® V, b, Ces). Here V is a one
dimensional real subspace of p and b’ is a Borel subalgebra in sl(2, C) @ Ve.

Our second example concerns Ay (e) for conjugacy class 23 of E1, the split real
form of the complex simple algebra Egs. (See [2] and Table 4 of [6])

Example 2. Lete be a representative of class 23 of g = E1. Ax(e) = Sy has 5 con-
Jugacy classes. Since e is noticed in g, the pair (e, id) is associated to (E1, q, W).
There are two conjugacy classes of elements of order 2. These conjugacy classes
are associated to triples (so(b, 5)® V', ¢, W') and (sl(6, R)Psl(2, R), q", W").
The conjugacy class of elements of order 3 is associated to the triple (su(2, 1) ®
sl(3, C), g, W"). The conjugacy class of elements of order 4 is associated to
the triple (su(2, 2) ®sl(2, C)d V", v, W™). V', and V" are one dimensional
abelian vector subspaces of .

In general, Theorem 1 provides an efficient way of organizing the calculation of
Ag(e) when g is a simple exceptional algebra. The theorem often simplifies the
work done in [6].

In order to state our second result, we will define the notion of the r-carrier
subalgebra of a nilpotent e in pe (see Vinberg’s notion of “carrier subalgebra” in
[15]). This algebra will be denoted s = s(e) and will be defined as a Z graded
algebra.

Assume that {z, e, f} is a f-stable, o-stable sl(2) triple. By [12] each nilpotent
in p, is K, conjugate to an element e lying in such a triple. Set g, (¢) equal to
the ¢ eigenspace of ad(z) on ge. If ¢ is odd, set 5, = g, (2¢) Np,. If ¢ is even, set

5; = go(2¢)Ne,. Then,
5 =s(e) ! @52'
1€EZ

It is known that s is reductive [16]. We will call it the r-carrier subalgebra of
e in gc. (The algebra s also occurs in the work of Kawanaka [5].) Let gc(e) =
gc({z, e, f}) denote the semisimple part of s. It is the carrier subalgebra (in the
sense of Vinberg) of e in gc. The connected subgroup of G¢ with Lie algebra gc (e)
is denoted éc(e) and is called the carrier subgroup of e. ¢ is distinguished in g¢(e),
ie, gc(e)i® © f1 = (0) by Theorem 2 of [16]. ge(e) is also locally flat in Vinberg’s
terminology [15].

Clearly gc(e) is 7 stable so that it is the complexification of a subalgebra g(e)
of g. g(e) is of equal rank since one can find a Cartan subalgebra of g(e) containing
z inside sg. Note that if e is noticed, then s(e) = gc(e). The reason is that any
element z of the center of s must belong to sy and hence to c. But since e is
noticed, ?{Cx’ “ I 0. 90 2= 0.

Theorem 2. With notation as above. Assume that e is noticed in gc and @; (e)
is stmple and the adjoint group of gc(e). Then, there is a bijection from K¢
conjugacy classes of triples (I, q;, W) in Theorem 1 (corresponding to e) to éc(e)
conjugacy classes of pairs (T, q;) where [ is a pseudo Levi subalgbra of gc(e) and
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q; 15 a distinguished parabolic ofT containing e. In particular, Ax(e) is isomorphic

to the component group of e in @;(6). In this correspondence, | is the r-carrier
subalgebra of e wn I,

Theorem 2 shows that in some sense Theorem 1 is already contained in Theorem

14 of [14].
Here are two examples of illustrating Theorem 2.

Example 3. Consider K¢ - e, the unique K¢ conjugacy class for the split form
of Gy for which Ag(e) = Ss. The carrier subalgebra of e is Gz itself. The carrier
subgroup s the adjoint group of Go. e s distinguished in g, = Go and wn each of
the pseudo-Levt subalgebras occurring in a triple of the type considered in Theorem
1. Thus, the first two elements of each of these triples constitute a Sommers pair.
The correspondence asserted in Theorem 2 is trivial in this case.

Example 4. OQur second example for Theorem 2 concerns the conjugacy class
treated in Frxample 2. Table I relates the triples for class 23 of EI (from Eu-
ample 2) to the Sommers pairs for the class Fy(as) in the complex simple algebra
Fy. (See [14]). We give only the semisimple part of the real form of each elliptic
pseudo Levi subalgebra of El.

Table 1
pseudo — Levi subalgebra | carrier subalgebra
Bl F(as)
so(b, b) By(ay)
sl(6, R) @ sl(2, R) A1 @ Cs(ay)
su(2, 1)@ si(3, C) Ay @ Ay
su(2, 2) @ sl(2, C) A3 @ A

2. DISCUSSION AND PROOFS

Recall that g is simple. Let t be a maximal torus of ¢. i = g' is the fundamental
Cartan subalgebra of g which contains t. Set @ = h Np. The complexifications
of t and h will be denoted tc and he respectively. t* = Homg(t, R) and b =
Home(he, C). H, (resp., T,) is the connected subgroup of G (resp., K ) with
Lie algebra b (resp., t;). Let A denote the set of roots of the pair (gc, he). If
B € A, let e denote the corresponding character of H.

If 7 is a system of simple roots for a positive system AT = A*(7) of A, let ¢
denote the highest root of AT, From now on, assume that 7 is f-stable. Then v is
imaginary. Set ©# = 7w U {—¢}.

If J C 7, let A; be the root system spanned by J. Define (gc)s to be the
subalgebra of g, spanned by b, and the root vectors X, with ¢ € Ay, (This
agrees with the definition of (g, )s in [14].) From now on we will assume that J is
0 stable. Let (G ) denote the connected subgroup of G, with Lie algebra (g.)J.
(g¢)r (resp., (G)s) is said to be a standard elliptic pseudo Levi subalgebra
(resp., standard elliptic pseudo Levi subgroup) of g, (resp. G.). (Kg)s



Component Groups of Nilpotents 5

denotes the connected subgroup of (G )y with Lie algebra (g.)s N¥.. The center
of (G)s will be denoted by Z((G)s) or by Z;.

Since (g, ) s is stable under o, (g, )sNg is a real form of (g.)s. Set g5 = (9. )sNg,
and Gy equal to the connected subgroup of G with Lie algebra gy. We will often
describe (g )s by specifying g.

Z[Ag] is the Z lattice spanned by Ay, the roots of (tc, tc). L is the root lattice
spanned by 7. Lj; C L is the root lattice spanned by J. Lj(t) is the Z lattice
spanned by the restrictions of the roots of Ay to tc. W 1s the Weyl group of A.
W is the Weyl group of Ay and Wy is the Weyl group of Ag.

ZiNK¢c C Tc = exp(tc). Set (tc); (resp., (/h\c/)J) equal to the complex subspace
of t¢ (resp., he) corresponding to Ly (t) (resp., L), and téj (resp., héj) equal to
the subspace of t¢ (resp., he) where all v € Ly vanish. Té‘J (resp., Héj) denotes
the elements of T¢ (resp., He) where the elements of Ly (t) (resp., L) viewed as
group characters are trivial. Then téj (resp., héj) is the Lie algebra of Té‘J (resp.,

Héj). Moreover,

te = (tc); & t&’
Zy=HE
ZyNKe=T§

(Z3 N K)o = exp(t&)

Definition 5. Suppose that ¢ = ana. Set dy equal to the greatest common

aEm

divisor of the ¢, such that « € 7 — J.

Recall Sommers’decomposition of 75 as (Z5)o X Zg,, where Zg4, is the cyclic
group of order dy. Sommers shows that Z;/(Zs)o is isomorphic to tor(L/Ly),
the torsion subgroup of L/L;. In addition, recall the following element defined by
Sommers:

(2.1) Ty = (=1/dy) Z Coa.

The coset 77 + Ly can be taken as the generator of tor(L/Ly) ~ Zg4,. Since J is
¢-stable, if we view 77 as an element of b7, it is fixed by ¢ and so belongs to t7,. For
each o € 7, let w, denote the element of h, which corresponds to the fundamental

2w, . .
weight for a. Thus, for each § € m, % =0if8#a,and =1,if f = a.

Sommers shows that if d; = 1, then Z’J = (7)o, i.e., Zj is connected. If dy > 1,
then — € J and we have.

Lemma 1. Assume that dy > 1. For each non-negative integer n, set

—2m 2,
hp = — .
d‘] ocEﬁZ;J (a’ Oé)

Then: (a) For some unique N, exp(hy) € (Z1)o, and exp(hny1) € Z5\ (Z1)o.

aci—J Ca

oose O D€ a postlive nteqger suc a an J are recativety
b) Ch to b tive int h that =2 and d lativel
J
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, ~ h ~ . , ,
prime. If we set Ty = exp( J\C;H ), then Ty is a representative of the cyclic generator
A
of I
(Z1)o

Proof. (a) First, consider exp(hy). It clearly belongs to Z;. Notice that exp(hg) =
exp(dyhy) = e which belongs to (Z5)o. If exp(h1) does not belong to (7)o, we are
done. Ifit belongs to (Z)g, there is an element h € hgj such that exp(hy) = exp(h).

20 4 .
This means that h = Z da(w—) with each d, € C, and Zaeﬁ—Jcada = 0.
a, a
aeT—J ’
Since exp(hy) = exp(h), B(h — hy) € 2miZ for all g € A.

It follows that for each ov € T — J, there is an integer k, such that:

—omi

(2.2) T ik = da
dy
Since ) cx_ g Cado =0, (2.2) implies that:
(2.3) —Qwi&%‘]—"%‘ =2mi Y cak
aen—J
and hence,
=2 wei_J Ca

2.4 _— = ko
( ) d‘] ocE?TZ;JC

Since dj divides each ¢4 on the the right hand side of (2.4), dy must also divide
the left side. This implies that exp(h2) € Z; (since ¢ and all the roots in = N J
are trivial on exp(hz)). Continuing in this fashion we arrive at an N for which
exp(hy) € (Z5)o but exp(hyy1) € Z5 \ (Z7)o. For this value of N, we must

7—JCa . R .
have that Oédej\ti_l__‘l] is not divisible by dj. Otherwise, exp(hn42) € Z;, but
J
7
exp(hni1) = exp(hny2)?" ¢ (Z7)o which contradicts the fact that ﬁ is cyclic
7)o

of order dj. This establishes the assertion of part (a).

Note that since 7 and J are #-stable, @ — J is #-stable, so each h,, is fixed by 8
and hence belongs to t.

(b) is proven like (a). First note that 77 & (7)o, since otherwise exp(hyy1) €
(Z5)o. Moreover, one can show that if 7;"" = exp(m(m)) € (Zj)o, then

Q
mzaeﬁ—_J Ca . L .. . ..
————— 1is divisible by d;. But this implies that d; divides m. On the

other hand, it is clear that = (Z1)o.
Let [ be a standard elliptic pseudo Levi subalgebra. Let L be the connected
subgroup in G'¢ with Lie algebra [. We have the exact sequence:
Z(L)oN K¢ Z(L)N K¢ Z(L)N K¢
2.5 1) — . — . — — — (1).
(25) (1) (Z(L) N K)o (Z(L)N K¢)o Z(L)oN K¢ (1)
Let z(I) be the center of [. Then, Z(L), = exp(z(l) N tc)) exp(z() N pec)).

Recall that 1t = t+dp. Set iy = [NE+i([Np). Let the corresponding connected
subgroups of G'¢ be denoted U and Uy, respectively. U and Uy, are maximal compact
subgroups of G¢ and L respectively.
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Proposition 1. Suppose that | is a standard elliptic pseudo Levi subgroup. Then
(1) Z(L)y N K¢ / (Z(L)oNKe) ~ Z(L)/Z(L)o
(2) Z(LyoNK_/(Z(L)N Kg)o is a 2-group.

Proof. Lemma 1 implies that there is an element z € Z(L) N K_ such that the
coset zZ(L)g generates Z(L)/Z(L)y. (1) follows. In addition, we have Z(L) =
2(1) 0 K, expl=() 11 o))

Also, Z(L)g = exp(z(l)) = exp(z(I) Nec) exp(z([) Npc). Since (Z(L) N K)o =
exp(z([) Ntg), there is a surjective homomorphism:

Z(L)o N K¢

exp(:(0) M) N K — 7S

A simple argument invoking the diffeomorphism Upx iy — L (given by (h, Y) —
hexp(Y)) shows that each non-trivial element of exp(z([) Npc) N K¢ has order two
and belongs to the subgroup exp(i(z(I) Np)) N K. z(I) N p can be extended to a
maximal abelian subspace a of [g Np. It is known that the subgroup of the group
exp(ia) consisting of all elements of order two is finite with dimg a generators. This

establishes (2).

We can characterize the standard elliptic Levi subalgebras among the standard
elliptic pseudo Levi subalgebras in terms of the corresponding # stable subset of 7.
We leave the proof of the following result to the reader.

Lemma 2. (g, )7 is an elliptic Levi subalgebra if and only if —¢ ¢ J.

Proposition 2. Let J and J' be two proper O-stable subsets of T where ™ is a
f-stable simple system of A. Consider the following statements:

(1) J and J' are conjugate under Wi,.

(2) Ay and Ay are conjugate under Wy,

(3) Wj and Wy are conjugate under Wi

(4) (ac)s and (gc)s are conjugate under K¢ .
Then, (1) = (2) <—= (3) <= (4).

Proof. (1) = (2) <= (3) is clear. (2) = (4) also follows because if w(Ay) =
Ay for w € Wy, then any element k € Ng (T) which represents w will conjugate
(gc)s to (g¢)sr. Conversely, (4) = (2), because if k € K¢ and k-(gc)s = (g¢),
then k - b, will be the complexification of a fundamental Cartan subalgebra of g.
We may as well assume that k-t = {_, and so k corresponds to an element of Wy.
It 1s clear that & sends Ay to Ay,

Remark 3. Let g = su(2, 1) Assume that m = {«, B} with o compact and 3 non-
compact. Then 1 = o+ (3 is non-compact. @ = {a, 5, —¢}. Let J ={«, 3} and
J' =B, —=v}. Then J and J' are not conjugate under Wy, but (gc)s = (g¢)s.
Thus, (2), (3) and (4) of the previous proposition do not imply (1).

Fix 7 to be a # stable set of simple roots for the fundamental Cartan subalgebra
of g. Let J be a proper 6 stable subset of 7. If T' is an abelian group, let tor(T)
denote the torsion subgroup of T
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Proposition 3. Assume that g is simple.

ZiNK L
(a) If g is equal rank, then m is 1somorphic to tor(L—J).

4 ZinK, , (Z[Ak])
b) If g is not equal rank, then ————%— is isomorphic to tor .
(t) If 8 1 (Z3NKe)o P L;(t)

Proof. Let X*(T¢) denote the set of characters of Te. In [14], Sommers proves that

s isomorphic to tor(=—) by analyzing 77 = Héj. Since ZyN K, = Té”(t),
(Z1)o L;
we can copy Sommers argument and deduce the following lemma.
ZiNK X (T,
Lemma 3. J7}C 15 1somorphic to tor (M)
(ZJO[\C)O LJ(’L)

We now prove part (a) of Proposition 3. Since g is equal rank, Z; C T, C K,

ZiNK A
which implies that AL }C = 7 So the desired conclusion follows from
(Z3N Ke)o (ZJ)O

Sommers result cited before the previous lemma.

We now prove part (b) of Proposition 3. Since g is not equal rank, one verifies case
by case that K is equal to the adjoint group of t,. Therefore, X*(Tc) = Z[Ax].
The desired conclusion follws from the previous lemma.

There is considerable evidence that the previous proposition can be expressed
more succinctly as follows.
Z3N K,

—=—— 2 45 1somorphic to
(Z; N K)o P

Conjecture 1. If g is simple, and J is as above,
Z
tor (&)
Z[Ak] N LJ(’L)

Proposition 4. Suppose that g is stmple and not equal rank.
(a) If —4¢ does not belong to J then the 2 subgroup of tor (

(Z1)o N K,

(Z; 0 K)o
(b) Suppose that —i¢ belongs to J. Then, the following are equivalent (i) T7/2

Z K VA K
belongs to Z[Ay); (i) (‘])0# (Z1)o N K,
(ZJ ﬂ[&c)o

Z [/7
(¢) If = belongs to J and M

) 15 trivial,

and hence 15 trivial.

is equal to Zs; (iii) is non trivial.

or (T — J)ne, ca Us even.

Z[A
(d) Assume — belongs to J. If 77/2 belongs to Z[Ay], then tor (L[ (f)]) is
J

Z[A
cyclic of order2dy. If r;/2 ¢ Z[Ay], then (Z5)oNK is connected and tor (L[ (f)])
J

15 cyclic of order dy .

Proof.

Since g is not equal rank the restriction of each root in A to t. belongs to Z[Ag].
Moreover, 1 is imaginary and so may be identified with its restriction to t,. If ¢
is a complex linear functional on b, ¢! will denote its restriction to t..
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Let me (resp., J¢), mne (vesp., Jnc), and mey (vesp.. Jez), denote respectively
the subsets of compact imaginary, noncompact imaginary and complex roots in 7
(resp., J.). Ac, Ape, and A, have the obvious meaning. If ¢ € A,y then its
restriction ¢! € Z[A,] and ¢! = (¢ +0(¢))/2. Every root in Ay is either a compact
imaginary root or the restriction to t; of a complex root of g. Moreover, since g is
not equal rank, each noncompact imaginary root belongs to Z[Ag].

(a) Since —t does not belong to J, dy = 1 and Z; is connected. Hence |,

ZyNK, . .. . ZiNK ZroNK, .
Jixc, is trivial. Therefore, by Proposition 1, J XC, = (Z7)o - To i
(ZJ)QQAC (ZJ)QQAC (Zjﬂ[x/c)o
a 2 group.

To complete the proof of (a) we need the following lemma.

Lemma 4. Suppose that A € Lz(t) and A/2 € Z[Ag] , then A/2 € Ls(41).

Proof of lemma. On the one hand, for some integers n, € Z,
(2.6) A= Z Nt + Z Nt + Z ngot.
a€Jne aede {o,0(0)},0€Jcr

On the other hand for some integers my € Z, we have

A2= ) me+ > mgdt,

$EA. {6,0(6)},$€Ace

or,

(2.7) A= 2myé+ > 2myot,
PEA. {9,0(9)} €A

Each ¢ € A, 1s an integral combination of imaginary and complex roots in 7. Each
¢! with ¢ € A, is a sum of an integral combination of imaginary roots in 7 and
an integral combination of restrictions of complex roots in 7. Thus 2.7 implies that
we can write:

(2.8) A= Z 2pa o + Z 2pao + Z 2paalt.

AETpe AET, {o,0(0)},0€mer

where p, € Z. Since J and 7 are § stable systems of simple roots and the roots
in each set are linearly independent, when we equate 2.6 and 2.8, we conclude that
ne is even (possibly equal to zero) for each o € J. Tt follows that A/2 € L;(t),
completing the proof of the lemma.

Z[A]
Ly(t)

Lemma 4 implies that there are no non trivial elements of order two in

Z m I/r 1 : . .
Ezﬁiﬁ is a 2 subgroup, it must be trivial.

(b) Clearly (ii) = (iii).
We now show that (iii) = (ii). Part (c) will be a corollary of this argument. So

Z[A]
L;(t)

Since

assume (iii) holds. Then the 2 subgroup of tor (

that ¢ = Z Co, set

aEm

) is not trivial. Recalling

Yrng = Z coor and Yr_j = Z CoC¥.

acrnJ acT—J
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The following argument shows that every non trivial element of the 2 subgroup is
represented by z_5/2.

Z[A
Any element of the 2 subgroup of tor (L[ (f)]) has a representative in Z[Ag] of
J
the form n(—1/2) + X' /2 where n € Z and X = Z neat. (In the previous sum,
a€ennJ

each complex simple root is counted only once.) Since ¢ € L;(t), we may assume
that n = 0 or 1. If n = 0, then Lemma 4 implies that A'/2 € Lj;(t). So if the
representative is nontrivial, we may assume that n = 1.

If we argue as in part (a), we conclude that: (1) if & € (w N J) is imaginary, then
N — Cq is even; (2) if & € (m N J)ep, then ng —2¢, is even; and (3) if a € (7 —J) is
imaginary, then ¢, is even. Therefore, —tprn7/2 4+ A'/2 lies in L (t) and —¢5_ /2
belongs to Z[Ag].

One can show using the linear independence of the simple roots that —tz_;/2
Z[Ak]
L;(t)
generated by —¢%_5/2+ L;(t). We have established (iii) = (ii).

cannot belong to Ly (t). Thus, if the 2 subgroup of tor ( ) is non-trivial it is

Again using the linear independence of the roots in m, one can show that if
—x_7/2 lies in Z[A], then for each o € (7 — J)¢ or (T — J)ne, ¢q is even. This
is part (c).

We now show that (i) = (iii). Assuming (i) holds, we construct an element of
(Z7)oN K which does not liein (Z;NK,)g. The key observatlon is that (i) 1mphes

that if & € (7 — J)¢ or a € (T — J)pe, then 2—? 1s even and hence that Z 2dJ

oacT—J
is an integer. We will use the notation and technique of Lemma 1.

First note that for each o € 7, or T, wy € t, and foreach a € ey, O, = Wo(a)-

. . 2 .
Since, hL7 is the space of all sums of the form Z daﬁ, with each d, € C,
¢ = (o, @)
aem—J
such that Z cody = 0, 1t 18 easy to check that th is the set of all such sums

acT—J
satisfying the additional condition that for each a € (T — J)ew, do = dy(a)-

h —2mi 2wq Car hi
Since ?1 = del Z (O:)a), and Z 2, is an integer, exp( ) belongs

aeT—J aeT—J
to Z5N [XC

h
Suppose that exp(%) ¢ (Z;NKg)y. Let M be a positive integer such that

Co hy
2dy and ZJ S, 0 are relatively prime. The element exp(QM) € ZyN K, but

hy
¢ (Z5 N K)o (otherwise, exp(;) €(Z;NKg)o).

hy \% dyhy
e have | exp(— = exp J)o NI, because Z; 7)o 18 cyclic
We h 2]\14 QJM A K_b Z/1(Z 1) is cycli

dyhq
2M

of order dj. We will show that z = exp( )¢ (Z;N K)o
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2,

Suppose z € (Z5 N K;)g. Then there exists h = Z dy D) € tgj, such
aeT—J
dsh
that 3( 2JM1 — h) € 2miZ, for all B € Z[Ag]. Arguing as in Lemma 1, we conclude
that if, o € (7 — J) is imaginary, then for some integer s4:
Y
(2.9) 21\? — sy = d,.

Moreover, if a € (7 — J)¢p, then

—2mi

2M

But, if o € (T — J)cx, then do = dg(o) and hence so = s4(o). Since ) = ;cads =
0, it follows that:

~ZOCE%—J Co .
(2.11) —QFZT = 2mi Z CoSa

(2.10)

— 218y = dg.

oacT—J
and hence dividing both sides by 27i, we have
_ .
(2.12) Zlacios e _ > casa

2M =
aeT—J

(2.13) = Z CaSa + Z CoSa + Z 2¢a 50

ae(T—J)c a€(T=J)ne {o, 8(a)}C(T=J)ce
Since £ s even if o € (m—J)ecor (T—J)ne, and if &« € (7 — J)eg, o is di-
J
visible by dj, each sum on the right hand side 1s divisible by 2d;. It follows

- 7 Ca . L. R .
that 2305267]\}_‘] is divisible by 2djy. This contradicts the fact that 2d; and

Z Qdca are relatively prime. This contradiction implies that z ¢ (Z; N K )o.
J
J

aET—

h
So if exp(%) ¢ (ZyN K)o, #z is the desired element and we are done.

If exp(%) € (Zy N K)o we can show that for some positive integer m,

h
exp(il) belongs to Z; N K_ but not (Z; N K, ).
2(2dj)m

Then we can repeat the preceding argument with replacing 71 to obtain

hy
2(2dj)m
a suitable element z.

Thus (i) = (iii).

We now show that (iii) = (i). In our proof that (iii) = (ii), we actually

Z[A
showed that (iii) implies that the 2 subgroup of tor (L[ (f)] is equal to Zs. It
J
Z[A Z[A
follows from (2.5) that tor ( [ k]) has order 2d;. Thus tor ( [ k]) Is either
LJ(’() LJ(’L)

isomorphic to Za X Zg4, or Zag,. Since g is not equal rank, g is either classical or
ET or EIV. So apriori using Sommers’ calculations, we have dy = 1, 2, or 3. If
djy = 1, then the torsion subgroup i1s Zs. dj = 3 occurs only for g = ET and g is
isomorphic to sl(3, C) @ su(2, 1). But then the 2 subgroup is trivial by (c).
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So we need only consider dy = 2. The torsion subgroup 1s either Zs x Zs or
Z,. The first alternative would contradict the hypothesis about the 2 subgroup.

Z[A
Hence there must be a cyclic generator in tor (L[ (f)]) of order 4. By the usual
J

i . nYz_ nr,
arguments, this generator has a representative of the form Ve -2

—— for some
4

integer n. Then n must be odd otherwise the generator has order less than 4.
Therefore, this representative is equivalent to 7;7/2, which must belong to Z[A].
We have shown that (iii) = (i). (The possibility we have just discussed only occurs
for g = ET and the semisimple part of gy isomorphic to su(2, 2) @ sl(2, C).)

(c¢) See the proof of (b).

Clearly (b) = (d).

This completes the proof of Proposition 4.

Corollary 1. If g is simple, then Z; N K /(Z5 N K)o is cyclic.

Proof. If g is equal rank, then Z; C T, C K,. Hence Z; N K. /(Z;N K)o is
equal to Z5/(Z1)o, which Sommers has shown to be cyclic. If g is not equal rank
the desired conclusion follows from (2.5), Proposition 3, Proposition 4 and the fact
that the quotient Z; /(7)o is cyclic.

Definition 6. A subalgebra | C (go)s (resp., subgroup L C G ) is an elliptic
pseudo Levi subalgebra (resp., elliptic pseudo Levi subgroup) of g, (resp.,
G ) if U (resp., L) is conjugate under K to a standard elliptic pseudo Levi subal-
gebra (resp., standard elliptic pseudo Levi subgroup) of g, (resp., G, ).

Proposition 5. (1) [ C g, is an elliptic pseudo Levi subalgebra of g, if and only
if there emists an element z € K such that [ = g7,

(2) L C G is an elliptic pseudo Levi subgroup of G if and only if there exists
an element z € K such that L is the connected component of the identity of G%,,

ie. L=(G2)o.

Proof. (1) and (2) of the proposition are equivalent so we only prove (1).
=—. It suffices to show that for each J C 7, there exists = € K such that
(8c)s = g, . We follow the proof of Proposition 2 in [14] with a few modifications.
We have

ZiNKy, =T, " =T, = exp(t&’) x F,

where F is a finite cyclic subgroup of Z; N K of order df. The generator of F
has the form exp(v + iw) where v,w € t. Since exp(v + iw) € Zy N K, if ¢ € J,
then e?(exp(v + iw)) = e? i) — 1 But é(iw) € R. Tt follows that ¢(iw) = 0 for
all ¢ € J. Thus, without loss of generality, we may assume that F' is generated by
exp(v).

As Sommers notes, a maximal compact torus S contained in an algebraic torus
S contains an element y such that y* (k € Z, k # 0) is not in the kernel of any
non-trivial character of S. Such an element is called a toplogical generator for S.
So let 21 be a topological generator of exp(téj) N K, and set ¥ = z1 exp(v). By
Lemma 1 in [14], L () corresponds to the set of all of the characters of T, which

are trivial on 2. It is clear that each root in A is trivial on . We now show that
Ay contains all roots in A which are trivial on x. This will follow from:

Lemma 5. ¢ € A and ¢! € L;(t), then ¢ € Aj.
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Lemma 5 is proven like Lemma 4.

<—. Assume that [ = g7 with z € K. We must show that [ is conjugate under
K to a standard elliptic pseudo Levi subalgebra. We will adapt an argument of
Sommers based on the affine Weyl group, W,. We begin by recalling some facts

about W,. If ¢ € A, the coroot Hy = ée h. 1s defined to be A denotes

2hy

. (o, 9)
the coroots of A. Set L equal to the Z lattice spanned by A. Then, W, is the
semidirect product W x L. For each, ¢ € A, k € Z, define the affine reflection

sp, k(2) = sp(@) + kHy.

We may also think of each pair (¢, n) with ¢ € A and n € Z as defining an affine
root. In this case, if y € b then by definition (¢, n)(y) = ¢(y) — n.
Conjugating by K, we can assume that z € T. Let ® = {8 € A| e (z) = 1}.

Then, [=h P (gc)s
ged

We have z = exp(—2miv) for some v € it. Pick a #-stable simple system & for
Ag, ). Let ® = {h €it+a| ¢(h) <1, and a(h) > 0, for all &« € 7}. The closure
of © is a fundamental domain for the action of W, on it + a.

Let W/, denote the subgroup of W, generated by elements of the form s, o,
where o is imaginary and m € Z, and products sgisgsr where 8 is complex,
the inner product of 5 and 073 is zero, and k € Z). Note that W/ preserves it.
W¢ C W/, and W is generated by elements of the form s,, where a is imaginary,
and products sgsgs where 3 is complex and the inner product of § and 643 is zero.

To complete the proof of the implication <=, we need the following result.

Lemma 6. There s an element in W/, which conjugates v into the closure of ©.

Proof of Lemma. To simplify the details of the proof let us assume the ¢(v) ¢ Z
for all ¢ € A. To prove Lemma 6, we must study the proof of Lemma 7.157 and
modify part of the proof of Lemma 7.158 in [§].

Choose any vg € D and then find w* € W/, so that the length |[wv — vgl|? is
minimal for w € W/,. We claim that w*v € ©. Otherwise, the proof of Lemma
7.157 shows that either (a) there is a simple root a such that a(v) < 0 or (b)
—2¢(v)
(¥, ¥)
Lemma 7.158 shows that ||sq ow*v — vgl|? < ||w*v — vo|[%. If  is complex, then
either (i) (a, fl) < 0, in which case ¥ = a + 6« is an imaginary root, y(v) < 0 and
|[sy,0w*v — vol|? < ||[w*v — wgl|? or (ii) (@, ) = 0 in which case

+ 1< 0. Suppose that (a) is true. If « is imaginary, then the proof of

l|$e,0860,0tw v — vol[* < ||w*v — vol|*.

So in case (a) we obtain a contradiction. Similarly, alternative (b) leads to a
contradiction. It follows that w*v € ©. This completes the proof of Lemma 6.

We now complete the proof of Proposition 5 by imitating the end of Sommers’
argument in Proposition 2 in [14]. Tt follows from Lemma 6 that up to conjugacy
by W/, we can assume that v € ®. Let J be the roots of # which are integral on
v. Then J is f-stable and A are the roots of A which are integral on v. Hence
Ay is WP-conjugate to ®. Thus, for some w € W%, [is conjugate under K. to

h P (8c)s = (80 )ws-

Bew(Ay)
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Remark 4. An elliptic pseudo Levi subalgebra | must contain the complexification
of a fundamental Cartan subalgebra of g. Thus, if g is equal rank, then [ is equal
rank. Hence in the equal rank case, | must have a Cartan subalgebra which s a
Cartan subalgebra of tc. It follows that in this case z(I) C tc and that Z(L) /
Z(L)o = Z(L)N Ke/(Z(L) N Keg)o.

Corollary 2. If [ is an elliptic pseudo Levi subalgebra of a simple Lie algebra g,

Z(L)yN K,

(Z(L)N K)o

and L 1s the corresponding connected subgroup of G, then 15 cyclic.

Proof. This follows from Corollary 1 and Proposition 5.

Corollary 3. If [ is an elliptic Levi subalgebra of go then Z(L) is connected and
Z(L) N K¢ is connected.

Proof. 7(L) is connected by the discussion in section 1.2 of [14].
If g is simple and equal rank then Z(L)N K¢ = Z(L) so there is nothing to prove.
If g is simple and not equal rank, then Z(L)N K¢ is connected by Proposition 5(a).

Definition 7. If (g.)s is a standard elliptic pseudo Levi subalgebra, let d¥ denote

o , ZiNK
the cardinality of the cyclic group 2 1%e

The following result will be needed in the proof of Proposition 7 below.

Proposition 6. Here is a list of all the simple real algebras g for which g contains
an elliptic pseudo Levi subalgebra (g, )y such that (1) d%¥ > 2 and (2) (g.)7 N Pe
has a notliced element. After each real form g, we list the G conjugacy classes of
the gy. FEach gy is described by giving the isomorphism type of its semisimple part,
g%*. The value of d§ appears in parenthesis after g% . Note that all the real forms
wn the following list are quasisplit.

EI: su(2, 1)®sl(3, C) (3); su(2, 2) @ sl(2, C) (4).

EII: 3su(2, 1) (3).

EV:su(3, 3) & su(2, 1) (3); 2su(2, 2) & sl(2, R) (4); 3su(2, 1) (3).

EVI: 3su(2, 1) (3).

EVIII: 2su(3, 2) (5); su(3, 3) & su(2, 1) &sl(2, R) (6); su(4, 4)@&sl(2, R)
(4); so(6, 4)®su(2, 2) (4); su(5, 4) (3); EII & su(2, 1) (3); su(3, 3) & su(2, 1)
(3); 2su(2, 2) & sl(2, R) (4); 3su(2, 1) & sl(2, R) (3); 3su(2, 1) (3).

EIX: 3su(2, 1) (3).

FI:su(2, 1)®su(2, 1) (3); su(2, 2)®sl(2, R) (4).

G (split real form of G2): su(2, 1) (3).

Note: su(2, 1) and sl(2, R) indicate that the corresponding roots in J are short.

Proof. Case by case verification. The verification is based on two essential facts.
First, Sommers [13] has determined the G, conjugacy classes of pseudo Levi subal-
gebras of g, for which d; > 2. Second, from [10] one knows the simple g for which
g. NP, contains noticed elements.

Assume g is classical. If g is equal rank, then for each J, dj = d¥. Sommers has
shown that for any pseudo Levi subalgebra (g.)s, dy < 2. If g is not equal rank
then by applying Proposition 4, we find that in all cases df < 2.

Assume g is exceptional. If g is equal rank, then for each J, d;y = d¥. Sommers
has determined all the (G conjugacy classes of) (g.)s for which dy > 3. Using
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[10] one can determine which equal rank real forms of (g )s are contained in g such
that (g, )s contains noticed elements. If g is not equal rank then g = ET, or ETV.
We now apply Proposition 4. If g = EIV, then df < 2in all cases. If g = EI, then
we find the semisimple part of g is either su(2, 1)®sl(3, C) or su(2, 2)®sl(2, C).

Let Outg(g.) denote the group of outer automorphisms of g, which commute
with @. The following lemma concerns the effect of automorphisms in Outg(g.) on
the noticed K, nilpotent conjugacy classes of certain simple algebras. The lemma
will be used in the proof of Proposition 7.

Lemma 7. (a) If e is a noticed nilpotent in p_, and T € Outy(g, ), then T(e) is a
noticed nilpotent.

(b)If g = EI, EII, sl(3, C), or su(p, q), then any automorphism in Outy(g.)
fizes each K -conjugacy class of noticed nilpotents in p.

Proof. (a) T(K, -€) = K, -e. Let {z, e, f} is a normal s{(2) triple containing e.
Since e is noticed, ?éx’ & I} = 0. Since {T(x), T(e), T(f)} is a normal triple con-
taining T'(e) and ?éT(x)’ T(e), TN} = T_l(?éx’ ¢ f1), we have ?éT(x)’ T(e), T(HY = 0.

(b) By (a), if O is a noticed class in p, and T € Outy(g. ), then T(O) is also
a noticed class. If g = s{(3, C), there is only one K_ conjugacy class of noticed
nilpotent in p, the principal class. If g = FEI, the only non trivial element of
Outy(g.) is @ itself, so there is nothing to prove. We will only consider the case of
EIT and organize the verification steps into the following example. We leave the
case of su(p, ¢) to the reader.

Example 5. ¢ = EII. Then from [1] and [10], there are 4 noticed nilpotent
orbits. Let use the notation of Appendiz A. We can realize a system of simple
roots for t, = slg(C) @ sl2(C) using a1, as, aq, as, e for the first summand and
¥ = ay + 2a3 + 2a3 + 3aq + 2as5 + ag for the second. Here the simple roots oy s
noncompact imaginary. The non trivial automorphism T of Oute(g.) fires g and
aq while interchanging oy with ag and as with as. According to the table in [1],
the four noticed orbits have K -labels 22222, 04040, 44044, 44444 on the sequence
a, as, aq, as, ag respectively.  Clearly such a labelling will not change under the
action of T'. Hence each noticed conjugacy class is preserved by T'.

Definition 8. Suppose e is a nilpotent in p. Let L(e) denote the set of all triples
(1, g, Mk, -e), where [ is an elliptic pseudo Levi subalgebra of g, in which e is
noticed and q C [ 1s a 8-stable noticed parabolic for e. Here q has Levi decomposition
mou; Mg _ s the connected subgroup of L with Lie algebra mNE_; and 7

c
denotes closure.

The next major result we need is the following analog of Proposition 9 in Som-
mers thesis.

Proposition 7. Let J be as usual. Assume that ((9c)s, 9, Mk -¢) € L(e) Then

the triple ((8c)s, q, Mk -€) determines a well defined conjugacy class in Ay(e).

The orbit (K.)s-ein (g.)s Np, corresponds to the triple ((g. ), d, Mg - €)
in L(e).

Under the hypotheses of Proposition 7, it is clear that if the coset z(Z; N K)o
generates 75 N K. /(Z5 N K)o, z defines an element in Ag(e), namely the coset
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z(K¢)o. However, one must show that the conjugacy class of z(K¢)o in Ag(e)

depends only on the triple ((g5)s, 9, Mk _ -€).
The proof of Proposition 7 depends on several lemmas.

Lemma 8. Assume (i) the hypotheses of Proposition 7 hold, (ii) the coset z(Z; N
K)o generates Z3NK, [ (ZiN K)o, and (i) d§ =1 or d¥ = 2. Then the image
of z determines a well defined conjugacy class in Ag(e).

Proof. By hypothesis Z; N K¢ /(Z5 N Ke)o is either (a) trivial or (b) Zs. Suppose
21(Zy N K)o and z2(Z5 N K)o each generate Z; N K, /(75N K )o. In case (a),
z1 and z2 both determine the trivial conjugacy class. In case (b), z1 = z2a where
a € (Z;NK.)o C (K)o, so that z; and z3 determine the same element in A(e).

In light of Lemma 8, to complete the proof of Proposition 7, it suffices to consider
the triples in £(e) containing (g, )s with d5¥ > 3. We divide the set of such (g, )s
into three groups.

Group A: The following simple g and G classes of elliptic pseudo Levi subal-
gebras. Bach (g.)s is described by giving g%°. The cardinality of d¥ appears in
parenthesis after g% .

EI: su(2, 1) ®sl(3, C) (3).

EII: 3su(2, 1) (3).

EVI: 3su(2, 1) (3).

EVIII: su(3, 3) & su(2, 1) &sl(2, R) (6); su(b, 4) (3); EIT & su(2, 1) (3);
su(3, 3) @ su(2, 1) (3); 3su(2, 1) (3).

EIX: 3su(2, 1) (3).

FI: su(2, 1)® su(2, 1) (3); su(2, 2) @ sl(2, R) (4).

GI: su(2, 1) (3).

Group B: The following simple g and G classes of elliptic pseudo Levi subalge-
bras. The relevant nilpotent conjugacy classes of p, which are noticed in (g, )s are
listed in parenthesis after (g, )s. The information about Ag(e) comes from [6].
EI: su(2, 2) ®sl(2, C) (4) [class 23 - noticed, Ag(e) = S4].
EV: 3su(2, 1) (3) (class 27); su(3, 3) & su(2, 1) (3) (classes 69 and 70)
EVIII: 2su(3, 2) (5) (class 68); 3su(2, 1) & sl(2, R) (3) (class 25); so(6, 4) &
su(2, 2) (4) [class 67 (Ax(e) = D(4)), class 68 (Ag(e) = Ss)-distinguished in
EVILI].

Group C: The following simple g and G classes of elliptic pseudo Levi subalge-
bras. The relevant nilpotent conjugacy classes of p, which are noticed in (g, )s are
listed in parenthesis after (g.)s. In each case Ag(e) = Z4. This information comes
from [6].

EV: 2su(2, 2) @ sl(2, R) (4) (class 50 - noticed in EV).

EVIII: su(4, 4)®sl(2, R) (4) (class 88-noticed in EVIII); so(6, 4) ® su(2, 2)
(4) (class 85 - distinguished in EVIIT); 2su(2, 2) @& sl(2, R) (4) (class 38).

We introduce several notions that will be useful in the verification of Proposition

7.

Definition 9. Assume that g is equal rank, quasisplit and that AZ’ 15 a fired positive
root system for (¢, t,). Suppose that At is compatible with A:, and m 1s the set
of simple roots for At. Then, m is said to be special if each root in 7 is noncompact.
AT and the Borel subalgebra of g, which it determines are also said to be special.
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We will often make use of the following observation. It is a consequence of
Corollary 5.8 and Theorem 6.2 in [3].

Remark 5. Special simple root systems exist for g, «f and only if g is equal rank
and quasisplit. For EIl and EVIII there is a unique special simple root system
denoted wyr. For EV, there are two such special simple root systems denoted by wy
and wrr. These special simple root systems are described in Appendiz A.

Verification of Proposition 7 for (g.)s; in Group A.

Lemma 9. If (g, )5 belongs to Group A above then there exists w € Wy, such that
w(J)=J and

(1) If g is equal rank, the action of w on L/Ljy generates the automorphism
group of the torsion subgroup of L/Ly.

Z[A
(2) If g = E1, the action of w on [A]

L;(t)

Z[A
tor( [ k])

L;(t)
Definition 10. (Sommers element) Assume that g is simple and AZ’ 15 a fired
positive root system for (b, t.), and AT is a 0-stable compatible system for A. As
usual 7 is the set of simple roots for At, J C 7. wy denotes the longest element of
W. (wg)k denotes the longest element of Wy,. (wg)s denotes the longest element

of Wy. The Sommers’ element wg = wg(m, J) associated to J is defined to be
wo(wo)J.
Remark 6. If g = EVI, EVIII, EIX, FI, or GI, then for any choice of «

compatible with A:, wyg = (wo)xg = —1. If g = EII, then there exists m such that
wy = (wo)g # —1. (See subcase (2) of proof of Lemma 9.)

generates the automorphism group of

Proof of Lemma 9. Case by case verification. We show that for each g% at issue,
there exists a 6-stable system 7 and a subset J C 7 such that the Sommers element
wg = ws(J, ™) € Wy. By the proof of Proposition 8 in [14], the element w = wg
satisfies the assertion in the lemma.

We divide the verification of the existence of a suitable Sommers element into
three parts. Subcase (1): g # EII, and each simple component of g% is of type
su(2, 1). Subcase (2): g = EII and g% is of type 3su(2, 1). Subcase (3): at least
one simple component of g% is not of type su(2, 1).

Subcase (1) occurs for g = EVI, EVIII, FIX, FI and GI. Suppose J C 7 for
some 0-stable simple system m. Since J = J3 U Jy U ... J; (disjoint union) where
each J; corresponds to an su(2, 1) factor, there exists w in the Weyl group of
((85)c, (85 )c Nt,) such that the simple roots in wJ are all noncompact. Since
wm 18 also a f-stable system, we might as well assume that all the roots in J
are noncompact. Therefore, for each i, J; = {¢}, ¢} where ¢} and ¢} are each
noncompact. Since ¢} + ¢! is compact, the longest element of the Weyl group
of each J; belongs Wy. Therefore, (wg); € Wy. Since wy € Wy, by Remark 6,
wg = wS(ﬂ', J) € Wyg.

Subcase (2): g = EII and gy is of type 3su(2, 1). Let my and 7 be the simple
systems for g given in Appendix A. Let 1 (resp., ¢1) be the longest root of the
positive system determined by my (resp., mr). g is compact and ¢ is noncompact.
{o, as, aa, as, ag, o} comprises a simple system for .. There is a single K
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conjugacy class of elliptic pseudo Levi subalgebras of type 3su(2, 1). (See Appendix
B.) We can construct a representative of this conjugacy class by choosing J C 77,
ie, J =11, B3} U{B2, =1} U{fs, Bs}. Asinsubcase (1), we have (wp)s € Wy,
since ¢y as well as all the 8; are noncompact. One checks that wg, the longest
element of W relative to the simple system 77, is equal to the longest element
of Wy, for the simple system given for £,. It follows that the Sommers element
wg = wo(wo)J e W,.

Subcase (3). There is a single K conjugacy class of elliptic pseudo Levi subal-
gebras [ such that Ig is of the given isomorphism type. One checks that a represen-
tative gy of this conjugacy class can be chosen so that J C 77 where 7y is defined
as in Appendix A. One also checks that the corresponding Sommers element wg lies
in Wg. In most cases checking that wg lies in Wy, requires computer computation.
We will look at a few examples which do not require such checking.

Example 6. Suppose g5 is a representative of the elliptic pseudo Levi subalgebra
of type EII + su(2, 1) in EVIII. Then we can assume that J C wr where 71 is
the unique special simple system for EVIII. J = Jy U Js where Jy is of type EII
and Ja is of type su(2, 1). Jy is a special simple system of EII, and Jy is a special
simple system of su(2, 1). (wo)s = (wo)y, (wo)s,. It follows from the discussion of
EII in subcase (2), that (wo)y, € Wy. The discussion in subcase (1) implies that
(wo)g, € Wy Since (wg) = —1 € Wy, we see that wg(J, 1) € W

Lastly, we consider g = ET and gy of type su(2, 1) ® s{(3, C). EI is not equal
rank so the previous arguments must be modified. We may assume that J C 77. It
happens that in this case the restriction of the Sommers element wg(J, 71) to t,
Z[Ak]
L;(t)
of L/Ly, this suffices to establish (2) of Lemma 9.

is an element w of Wy,. Since tor ( ) is isomorphic to the torsion subgroup

To complete the verification of Proposition 7 for (g, )s in Group A, we can
imitate Sommers’ proof of Proposition 9 in [14].

Note that the images of z; and zs both generate Z; N K, /(Z; N K_)o. Then
79 = 2} modulo (Z; N K)o for some [ prime to df. By Lemma 9, we can find
w~! € Wy, such that w=1(J) = J, and w™! acts on the torsion subgroup of L/L; by
multiplying each element by {. If w in K represents w, we have Ad(w)z; = 2} = 2o
modulo (Z; N K )o.

In addition, Ad(w) is a @ stable outer automorphism of (g, )s. Using Lemma 7,
one checks case by case that the § stable outer automorphisms of (g, )s preserve
each (K ) conjugacy class of noticed elements. Since Ad(w)e and e belong to the
same (K )y conjugacy class, there exists k& € (K )y such that Ad(kw)e = e, i.e,
kw e K. Since z3 € Zy N K, and k € (K )7, we have Ad(kw)z; = 2z modulo
(Z3 N Kg)o. Since (Z3N K)o C (K)o, we have shown that z; and 25 determine
the same conjugacy class in Ag/(e).

This completes the verification of Proposition 7 for Group A.

Verification of Proposition 7 for g; in group B.
The argument of the following lemma can be applied in each of the cases in
group B.

Lemma 10. Proposition 7 holds if g = EV with g5 = su(3, 3) & su(2, 1).
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Proof. g7 = su(3, 3) @ su(2, 1). (There is one K conjugacy class of this type
of subalgebra.) The nilpotent classes of EV which are noticed in (g, )s are classes
69 and 70 in Djokovic’s list. Z; N K, /(Z; N K)o = Z3. Classes 69 and 70 are
distinguished (so that g = EV is the minimal elliptic Levi subalgebra containing
each one). From Djokovic’s tables, each class is also noticed in an elliptic pseudo
Levi subalgebra of type so(6, 6) @ s{(2, R). (There is only one K conjugacy class
of such algebras).

For both class 69 and 70, Ax(e) = Ss. (The reasoning is as follows. Since
each class is distinguished, G1* ¢ I} is discrete. From Sommers work, we know
that G170 ¢ f1 = A(e) = S3. Since both classes lie in su(3, 3) © su(2, 1) and
50(6, 6) @ sl(2, R), Zz and Zs belong to K1% & I} Tt follows that K17 ¢ f1 =
Gle e f} = S3.) Thus, each generator of Z; N K. /(Z; N K)o = Zs3 lies in the
same conjugacy class of A (e).

The other cases in group B are handled as in Lemma 10.

For, ET: su(2, 2) ®sl(2, C) (Z4) (class 23), we use the fact that Az(e) = S,
([6]) which has only one conjugacy class of elements of order 4.

For EVIII: 3su(2, 1) & sl(2, R) (Z3) (class 25), we use the fact that, A (e) =
Ss ([6]).

EVIII: so(6, 4) & su(2, 2) (4) [class 67 (Ax(e) = D(4))].

EVIII: so(6, 4) & su(2, 2) (4) [class 68 (Ax(e) = S5)—distinguished].

EVIII: 2su(3, 2) (5) [class 68 (Ag(e) = S5)—distinguished].

This completes the verification of Proposition 7 for Group B.
Verification of Proposition 7 for g; in Group C.

Consider first gy = 2su(2, 2) @ sl(2, R) in EV. There is one K;-conjugacy class
of elliptic pseudo Levi subalgebras of type 2su(2, 2) & sl(2, R). If e is noticed in
the corresponding elliptic pseudo Levi subalgebra, then e belongs to K, conjugacy
class 50 in Djokovic’s list. We have 75 = Z; N K, = Kéx’ e f} = Ag(e) = Zy.

Suppose that (I, b, W’) € L(e), with Z(L') = Z4. There is an element of
k € K which conjugates this triple to ([, b, W) where [r = 2su(2, 2) & s{(2, R),
b =t. @ nis aspecial Borel subalgebra of [ and W = n/[n, n]. From Appendix A,
w1 and 7wy are the unique special simple systems of EV. From Appendix B, the
simple roots of b form a system of type 243+ A; and must be a subset of one of the
following extended simple systems 77, 5/@_2\_71;, Tr7 or 5% Let these subsets of the
extended simple systems just listed be denoted J!, 7 = 1,... 4. Tt is known that
no two of the simple systems n7, sg, 77, mrr and sg,7r; are conjugate under Wy,
Let w’ denote the automorphism of A defined by the assignment: —t; — —g7,
Br = Bs + B + Br, Bz = —B5, —Pa > P2, B5 > Bs, B = 1 and f7 — —r. Then
one can check that w® € Wy, (see Appendix B), w’(J]) = J4, and " (J}) = J4. Tt
follows that the triples (I, by, W) and (I, bs, W3) are conjugate under K, and
the triples ([, ba, W5) and ([, by, Wy) are conjugate under K. At the same time
(I, by, W1) and ([, ba, WW>) are not conjugate under K since 7y and sg, 7y are not
conjugate under Wy,. Tt follows that there are two K_ conjugacy classes in L(e).
Thus one can match the pair of generators z and 23 of Z4 to the two K conjugacy
classes in £(e). (One can distinguish » and 23 by the value taken by ¢+ on each
element.)

For EVIII: su(4, 4) @ sl(2, R) (class 83, noticed), we argue as above using the
extended systems 7; and % There are two K conjugacy classes in £(e). One
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can match the pair of generators z and 23 of Z4 to the two K conjugacy classes
in L(e).

For EVIII: so(6, 4) & su(2, 2) (class 85 - distinguished), we argue as above
using the extended systems 77 and 5@::‘;\55/71'1. We obtain the same conclusion as for
the elliptic pseudo Levi subalgebra su(4, 4) @ sl(2, R).

For EVIII: 2su(2, 2) & sl(2, R) (class 38), we argue as above using the
extended systems 77, 5/@_1\_71;, 5@::‘;\@?1'1, and 5@257;_5\:‘;?1 mr. It turns out that the Borel
subalgebra of 2su(2, 2) @ sl(2, R) constructed on 77 is Wy conjugate to the
Borel subalgebra of 2su(2, 2) @ sl(2, R) constructed on sg,55,55 7. Likewise
the Borel of 2su(2, 2) & s{(2, R) constructed on % is W, conjugate to the one
built on 5@::‘;\@?1'1. One can choose the following element w# of Wy to accomplish
both conjugations. If we identify the real span of the roots of EVIII with R3,
and write the roots of my (see Appendix A) as in Appendix C of [7], then w#
switches coordinates 1 and 2, 3 and 5, 4 and 6 and 7 and 8. Since W}, contains the
permutations of the coordinates of a vector in R®, w# € W),. On the other hand,
it is easy to check that the Borel subalgebra constructed on 77 is not W, conjugate
to the one constructed on % We conclude as in the previous cases in group C
that there are exactly two K, conjugacy classes in £(e) which are matched to the
two generators of Ag(e).

This completes the verification of Proposition 7. This proposition can be refor-
mulated as follows.

Corollary 4. There is a well defined map from L(e) to the set of pairs (e, C)
where C' is a conjugacy class in Ai(e). This map is defined as follows. Assume
that ((g.)g, 9, W) € L(e), 2z € Z3N K, and z(Z5 N K)o generates Zy N K,/
(Z3NK.)o. Let[((8.)5, a4, W)] denote the set of K conjugates of ((85)s, 4, W)
in L(e). Let [2(KE)o] denote the conjugacy class of (the coset) z(K¢ )o in Ag(e).

Suppose that the pair ((g.)s, €) is not one of those in group C in the proof of
Proposition 7. Then we stipulate that

(2.14) ((8c)a, a, W)= (e, [2(K6%)o])-

Suppose ((g; ), €) lies in group C. Let ((g.)5, o, W') be a representative of
the other K, conjugacy class in L(e). Then each triple in [((g.)s, q, W)] maps
to (e, [2(KE)o]) and each triple in [((g. )y, o, W')] maps to (e, [2°(KE )o]).

If € Gg,and S C Gg. Let Zy_(x, S) (resp., Zg_ (x, S)) denote the centralizer
of the set {z, S}in g. (resp. G ). We will require the following result which is a
consequence of results about automorphisms of semisimple Lie algebras in [11] (See
Problem 16 and Theorem 3 of chapter 4, section 4).

Proposition 8. [11] Let R be a reductive subgroup of G. Let #, y € R be two
semisimple elements in R whose images in R/ Ry are in the same conjugacy class.
Let S be a mazimal torus in the reductive group (R”)g. Then for some g € R, and
s € S, we have gyg~t = xs. In particular, Zg (z, S) C Ad(9)Zy, (y)-

Definition 11. Assume that g is simple. Let L be an elliptic pseudo Levt subgroup
with center Z and Lie algebra [. Giwen a nilpotent e € p_, and a conjugacy class
C' in Ag(e) , we say that | has the key property for (e, C) if e € | and there exists
z € ZN K, such that:
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(a) The image of z generates the cyclic group Z N K, /(Z N K)o
and

(b) the image of z in Ay (e) belongs to C.

Remark 7. Assume that | and z are as in Definition 11. Since [ is an elliptic,
pseudo Levi subalgebra, | = g7 for some 2/ € Z N K. Since the image of z
generates Z N K, [(ZN K)o and this quotient is cyclic, we have 2/ = z"s for some
non-negative integer n and s € (7 N K )o. Therefore,

(C Zy, (2, (Z N Kg)o) CZg, (2"s) =1,
so that 1= Zy (z, (ZNKg)o)-

Assume that (e, ') is a pair as in Definition 11. We will construct an elliptic
pseudo Levi subalgebra [ with the key property for (e, C'). We proceed as in
Sommers [14]. Assume that m = {x, e, f} is a normal triple containing e. Set
R = KZ. Since Ag(e) = R/Ro, , let 2 € R represent C. Since each element in
R can be written as the product of a semi-simple and a unipotent element which
commute, and the unipotent factor lies in Ry, we may assume that z is semisimple.

Lemma 11. Let S be a mazimal Cartan subgroup of (R?)y. Then,
(2.15) [ = ZGc (z, S)

1s an elliptic pseudo-Levt subalgebra containing e. If s 1s the Lie algebra of S, then
s=sNtPi(sN¥). Sothat, S=5SNKexp(i(sN¥)). If we choose a monothetic
element s in the torus SN K, then L will be the connected component of G7F.

Proof. By construction, the element z satisfies part (b) of Definition 11. So it
remains to verify part (a) of the definition.

If g is equal rank, then Z(L) = Z(L) N K, so Sommers’ work implies that part
(a) of Definition 11 holds.

If g is not equal rank, then either (i) g is classical; (ii) g = EIV; or (iii) g = FI.

Assume we are in case (i) or case (ii). By applying Proposition 4, we find that
Z(D)NK, J(Z(L)NK)o is either trivial or Zs. From Sommers’ results (see Remark
3 of [13]), we know that the image of z generates Z(L)/Z(L)o. If Z(L)/Z(L)y is
not trivial, then Z(L) N K_/(Z(L)o N K) is non trivial and must be generated by
the image of z. Recall the exact sequence (2.5):

1) ZEn0Ke | Z()nKe | ZI)nKe
(Z(L) N Ec) | (Z(L)NEKe)  Z(L)e N EKc '
It follows that Z(L) N K /(Z(L)N K)o is non trivial. Hence it is equal to Zy and

is generated by the image of z.
On the other hand, if Z(L)/Z(L)g is trivial, then either

(1) Z(L)o N K, /(Z(L) N K)o is trivial or,
(2) Z(L)o N K, /(Z(L)N K)o = Z>

by Propositions 4 and 5. In case (1) the image of z is the trivial coset and there
is nothing to prove. In subcase (2) , z ¢ (Z(L) N K)o since it was chosen to lie
outside of Ry. So the image of z must generate the whole quotient.

In case (iii) the only elliptic pseudo Levi subalgebras where the cardinality of
Z(LyN K /(Z(L) N K)o exceeds 2 are those whose real forms have semi-simple
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parts of isomorphism type su(2, 1) ®sl(3,C) and su(2, 2)®sl(2, C). For the first
subalgebra, Z(L)N K, / (Z(L) N K)o is Zz and since z & Ry, z(Z(L)N K)o must
generate the full quotient. For the second subalgebra, Z(L)N K, /(Z(L)N K)o is
Z,. The exact sequence (2.5) becomes:

(2.16) (1) 5 Zy - Zs — Zy — (1).

The coset z(Z(L)N K)o must generate Z(LYNK /(Z(L)oNK,), the final Z5 in the
preceding exact sequence. Thus z ¢ Z(L)g N K, and so the coset z2(Z(L) N K)o
does not have order 21in Z(L) N K, /(Z(L)N K )o. Therefore, this coset must have
order 4 and generate all of Z(L) N K, /(Z(L) N K)o = Z4.

It follows that in all cases, L has the key property for (e, C).

Proposition 9. The subalgebra [ defined in (2.15) is minimal among the elliptic
pseudo-levi suablgebras with the key property for (e, C). Moreover any other mini-
mal pseudo-Levi subalgebra with the key property for (e, C) is conjugate to [ by an
element of Ay (e).

Proof. We imitate the proof of Proposition 12 in [14]. We use the notation imme-
diately preceding equation (2.15).

Suppose I’ is another elliptic pseudo-Levi subalgebra with the key property for
the pair (e, (). Let L’ be the corresponding connected subgroup of G/,. Since [
has the key property for (e, C'), Remark 7 implies that there exists 2’ € Z(L')N K
and s’ € (Z(L') N K)o such that I' = g'élsl and the image of 2’ in Ag(e) lies in C'.
It follows that the image of z’s" in Ag(e) also lies in C.

Let m = {a’, e, f'} be a normal triple in I'. Then z’s’ centralizes m’. By the
work of Kostant and Rallis [9], there exists ¢ € K, such that Ad(¢)(m') = m. If
we conjugate I', L', and z's’ by g, we can assume that z and z’s’ are semisimple
elements in R which represent the same conjugacy class in the component group of
R. Applying Proposition 8, there exists ¢’ € R such that Z;_(z, S) = lis contained

in Ad(¢")(g.?"*") = Ad(g")V'.

Proposition 10. Let [ be a minimal elliptic pseudo-Levi subalgebra with the key
property for (e, C). Then, e is noticed in [.

Proof. We adapt the proof of Proposition 13 in [14].

Let z([) be the center of [ and ¢ = z(I) N¢,. Suppose that e is not noticed in
[. Let y € [NE, be a semi-simple element such that [y, ¢] = 0 but y ¢ ¢. Set ¢*
equal to the subalgebra generated by ¢ U {y}. Then ¢* is a toral subalgebra and
(* = [V} = 77 is an elliptic pseudo-Levi subalgebra which contains e. L* denotes
the connected subgroup of G corresponding to [*.

We now show that [* has the key property for (e, C). Let z be an element
satisfying (a) and (b) of Definition 11 for [. Then the image of z in Ag(e) lies in C'
and by Remark 7, L = Zg_ (z, (Z(L) N K_)o)o. Since L* = L and Z(L) fixes
each element of ¢*, we have Z(L) C Z(L*), so that z € Z(L*) N K. It remains to
show that the image of z in Z(L*)N K, /(Z(L*)N K)o generates this cyclic group.

It follows from the definition of [* that L* = Zg_(z, exp(c*))o. Moreover ¢* C
z(I*) N¢,. Remark 3 in [13] implies that the image of z generates the cyclic group
Z(L*))Z(L*)o = Z(L*)NK, /Z(L*)oN K. Now consider the exact sequence (2.5):

Z(L*)oN K¢ Z(L*)N K¢ Z(L*)N K¢
= ) n ke ~ @) nkeh 2 pnke
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If g is equal rank, then Z(L*)N K, = Z(L*), so that Z(L*)N K, /Z(L*)o N K, =
Z(LYN K, /(Z(L*) N K)o and we are done.
If g is not equal rank, then we only have to consider the case in which

Z(L*)o N K, J(Z(L) N K)o = .

(Otherwise by part (b) of Lemma 4, Z(L*)o N K, /(Z(L*) N K)o is trivial and
again Z(L*)N K, /Z(L*)o N K, = Z(L*)N K, /(Z(L*) N K;)o.) In this case, we
may also assume that Z(L*) N K, /Z(L*)o N K is not trivial. For if this quotient
is trivial, Z(L*) N K, /(Z(L*) N K)o = Z2, which then must be generated by the
image of z. We are thus reduced to the case in which g = E'1, and the semi-simple
part of [§ = su(2, 2)®sl(2, C). In the proof of Lemma 11, we showed that image
of z generated Z(L*)N K, /(Z(L*) N K )o.

We have now established that in all cases, [* has the key property for (e, C).
This contradicts the minimality of [. Therefore, the element y postulated at the
beginning of the proof does not exists. Thus e must be noticed in [.

Proof of Theorem 1.

By Corollary 4 there is a well defined map from £(e) to the set of pairs (e, C)
where C'is a conjugacy class in Ay (e). The assignment is surjective because given
a pair (e, C') we can first construct (as in equation (2.15)) an elliptic pseudo Levi
subalgebra [ which contains e and has the key property for (e, C'). Propositions 9
and 10 then imply that e 1s noticed in [. We then obtain the parabolic g, and the
subspace W to complete the triple (I, q, W).

It remains to show that the mapping is injective on the K conjugacy classes
of L(e). Suppose that (I, g, W) and (U, ¢, W’') are two triples in £(e) that are
mapped to the pair (¢, C). Then [ and [ must have the key property for the
pair (e, (). Since e is noticed in [ and [', each pseudo Levi subalgebra must be
minimal with respect to having the key property. (Here is an explanation of this
fact. Assume that [* C [is an elliptic pseudo Levi subalgebra with the key property
for (e, C'). We must have [* = Zg,, (z, (Z(L*)N K,)o). If [* is a proper subalgebra
of [, then (Z(L) N K)o must be a proper subset of (Z(L*) N K)o, contradicting
the fact that e is noticed in [.)

Let {z, e, f} and {#', e, f'} be normal sl{(2)-triples in [ and [' respectively. By
the proof of Proposition 9 there exists k € K {7, ¢ 1} guch that k-[ = '. Therefore,
the triple {#, e, f} also belongs to I'. We can now find &* € (L' N K_)° so that
' = k*z. Since ¢ (respectively k - q) is the sum of the non negative eigenspaces
of &' (respectively z) in l', and W’ (respectively kW) is the 2-eigenspace of z’
(respectively #) intersected with p_ we see that the triples (I, g, W) and (I, ¢', W)
are conjugate under the element k™.

Proof of Theorem 2.

Since e is noticed in g, , K17 © 1 is finite. Thus A (e) = Kéx’ SRR SEACE S
Since e is distinguished in g (e), g(e), the component group of e in @; (e) is the
same as @;(6){“ ¢ f1. We also have Kéx’ “fr K? C @;(6). In addition,
@;(6){“ e It c K¢ . Therefore, ﬁ(e) = @;(6){“ e I} = Kéx’ e ft = glw e f} =
Ak(e) N ~ ~

Let L£(e) denote the set of pairs (I, §’') such that U is a pseudo elliptic Levi sub-
algebra of g (e) and g is a distinguished parabolic of [ for e. Suppose (f, g W)€
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L(e). If [ is the r-carrier subalgebra of e in [; then e is distinguished inT , and so
lies in a distinguished parabolic subalgebra g of [. The triple ([, g, W) is not one of
those in group C in the proof of Proposition 7. (Otherwise the hypotheses on éc(e)
would be violated.) This implies that there exists a cyclic generator z € Z(L)N K
such that [ = g7 . (If 2’ is another such generator, then 2’ is conjugate to z under
Kl# ¢ /1) Then, 1= g. (e)? showing that Tis a pseudo Levi subalgebra of g ().
Therefore, the assignment

(2.17) (1, g, W) (1, 9)

gives a well defined map from K_ conjugacy classes of triples in L(e) to @; (e)
conjugacy classes of pairs in E(e).

Tt is not hard to show that the mappingin (2.17) is injective. Since Ag(e) = g(e),
the two component groups have the same conjugacy classes. The surjectivity of
(2.17) follows from Theorem 1 and Theorem 14 of [14].

APPENDIX A. SIMPLE ROOT SYSTEMS FOR REAL EXCEPTIONAL SIMPLE
ALGEBRAS

We list certain simple root systems (of the real exceptional simple Lie algebras)
on the fundamental Cartan subalgebra that are needed in our proofs. For each
simple algebra below, my denotes the Vogan system of simple roots described by
Knapp in Appendix C of [7]. We also choose the same underlying positive root
system for (., t,) as Knapp. We call this positive root system AZ’ and note that
o 1s compatible with AZ’.

EI. We have mp = {1, s, as, aa, as, ag}. Here oy, as, as, ag are complex
with 6(a1) = ag, and f(az) = as. @2 is noncompact imaginary. a4 is compact
imaginary. Set

T = Sa, Mo = {01, —2, a3, s+ g, a5, ag}.

EIl. mp = {a1, a2, as, aa, as, ag}. Here, «; is compact if ¢ # 2, and «s is
noncompact.

T = {Bla ﬁ?a ﬁ3a ﬁ‘la ﬁ5a 66}a

where 8 = —(a1tastastay), B2 = astas+2as+tas, B3 = a1 tastastastas,
B1 = —(az+as+ag+as), Bs = as+az+ast+as+as and fs = —(as+as+as+as).

EV. 7y = {o, as, as, aa, as, as, az}t. Here, o; is compact if 7 # 2, and s
1s noncompact.

T = {Bla ﬁ?a ﬁ3a ﬁ‘la ﬁ5a ﬁ6a 67}a

TII = 8B,58558, 7T = {Bla _ﬁ2a ﬁ3a 62 +64 +65a _ﬁf)a 65 +ﬁ6 +ﬁ7a _67}
where 81 = —(a1+azt+az+ay), f2 = astas+2as+as, f3 = ay+astaztag+as,
Bs=—(az+az+as+tas), s = as+as+as+as+ag, fs = —(as+ag+as+ag),

and 7 = as 4+ aq + a5 + ag + a7. Note that ¢, the longest positive root of the
system determined by 7, is given by ¢ = a1 + as + 2a3 + 3as + 3as + 2a6 + a7.



Component Groups of Nilpotents 25

EVI 7y = {ay, as, as, as, as, ag, a7}. Here, a; is compact if i # 1, and a3
1s noncompact.

T = {Bla ﬁ?a ﬁ3a ﬁ‘la ﬁ5a ﬁ6a 67}a

where 8) = ay +as+2a3+ 204 +as, B2 = a1 +ag +az+ 204+ 205+ as, 3 = as,
Ba = —(on+ast+as+2as+as+as), fs = a4, fs = a1 +astastastas+as+ar,
and B7 = —(ay 4+ ag + aq + as + ag + ar).

EVIIL. rny = {a1, a2, as, aa, a5, ag, a7, as}t. Here, «; is compact if i # 1,
and «q 1s noncompact.

T = {Bla ﬁ?a ﬁ3a ﬁ‘la ﬁ5a ﬁ6a 67aﬁ8}a

where 51 = —(a1 + as + 2a3 + 204 + a5), f2 = a1 + a2 + az + 204 + 205 + s,
B3 = a1 + as + 2a3 + 204 + a5 + as, fa = —(a1 + @z + az + 204 + a5 + ag),
s = a1+ as+as+2as+as+as+ar, fs = —(a1+as+as+as+as+as+ar),
fr = artaztazt+astastast+artas, and g = —(a1+az+ast+as+astartas).

EIX. 7o = {ay, as, a3, a4, as, as, a7, as). Here, a; is compact if i # 8, and
ag 18 noncompact.

T = {Bla ﬁ?a ﬁ3a ﬁ‘la ﬁ5a ﬁ6a 67aﬁ8}a

where 51 = a1 + 202 + 203 + 3aq + 205 + ag + a7 + as, f2 = as, fz = —(a1 +
s+ 203+ 3aq + 205 + as + ar +ag), f1 =, 5 = a1 + @z + 203 + 204 + 205 +
206 + a7 + ag, fs = — (a1 + a2 + a3 + 204 + 205 + 206 + a7 + as), fr = a1, and
s = oo + a3 + 204 + 205 + 2006 + 207 + as.

FI. 7y = {a1, a2, as, a4} where oy, «as, and as are compact and «y is
noncompact. oy and as are short. ag and a4 are long.

1 = {61, B2, B3, Pa}

where /1 = —(a1 +as+as+ay), f2 = a1+ 20e +ag+ay, B3 = —(202+ az + ay),
and 81 = 2a5 + 2a3 + ay.

G. mo = {a, B} where « is compact and short, and 3 is noncompact and long.

F[:{Ol‘i'ﬁ, _6}

APPENDIX B. K_, CONJUGACY CLASSES OF ELLIPTIC PSEUDO LEVI
SUBALGEBRAS FOR REAL EXCEPTIONAL SIMPLE ALGEBRAS

The authors are not aware of any published classification of the K, conjugacy
classes of elliptic pseudo Levi subalgebras for a simple exceptional real algebra g.
So we will briefly discuss how one can establish the assertions made in the proof of
Proposition 7 concerning K conjugacy classes of various isomorphism types.

For specificity, we assume g = EV and consider the K conjugacy classes of
elliptic pseudo Levi subalgebras [ such that [g is of isomorphism type su(3, 3) @
su(2, 1) or of type 2su(2, 2) @ sl(2, R). Given [R, one can find a positive system
of roots for (¢, t.), a compatible set of simple roots 7 for g, and a subset J C 7
such that [g = gy. Assume that the positive system for (¢, t;) is AZ’, the same
one chosen in Appendix A. Since [R is quasisplit, there exists w € W ; such that all

————

the roots in w(J) are noncompact. We have w(J) C w(w). But w(r) is conjugate
under W, to a set of simple roots #' which is compatible with AZ’. So we might
as well assume from the start that J i1s a special simple root system for g;. Let §
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denote the set of simple sets 7' for FV which are compatible with AZ’. There are
exactly 72 simple systems 7’ in &, and no pair of these systems is conjugate under
W ,. By inspecting each of the corresponding 7?’, we find that the following holds.

Set 17 equal to the longest positive root relative to the simple system =7. If g7
is of type su(3, 3) & su(2, 1), then # = 7y or mrr. In fact, J must be one of the
following subsets:

Ji= {=Yr, B1, B2, Bs, Pa, Bs, Pr},

Jo = {=vr, B, B2, Ba, Bs, Bs, Pr},

Js = {=vr1, 81, =02, B3, Bo+Pa+ 05, Bs+ s + Br, —Fr}
Jo= {=vr1, 81, =02, B2+ Ba+ Bs, —Ps, Bs + 86 + 37, —fr}.

We observe that Jy = sg,s5,53,(J2). Since 82, B85, 87 € Jo, we see that J4 and
Jo determine (span) the same root system, and hence determine the same algebra
gs. Furthermore, there exists w® € Wy such that w(Jy) = Jy and w(J2) = Js.
This element is defined as follows: —¢r — =037, 51 — O5 + B¢ + B7, O3 — —P5,
Ba v+ Bo+ PBa+ B5, B2 — —P2, Bs = B1 and B7 — —ir. (The fact that w* € Wy,
can be demonstrated as follows. The roots of the simple system mg of E7 can be
rewritten in terms of a certain dependent set of vectors £;, ¢ = 1,...,8. (See Table 1
in Reference Chapter of [11].) W, can be identified with the set of permutations of
the ¢;, and w” can be shown to be such a permutation.) It follows from Proposition
2 that the subalgebras gj,, 7 = 1,...,4 are conjugate under K. So there is a
single K conjugacy class of isomorphism type su(3, 3) @ su(2, 1).

If g7 is of type 2su(2, 2) ® sl(2, R), then (a) m = 7 or w11 or (b) there exists a
noncompact & € J N« such that s, (7) = nr or mr7. In fact, J must be one of the
following subsets:

Ji = {=%r1, Bi, B2, B3, Bs, Bs, Or},

Jy = {=%r, B1, =Pa, B3, PBs, Bs, Br},

Jy= {=4¢r1, 61, =P, B3, —Bs, Bs+ Bs + Br, =7}
Jy= =41, B1, P2, Bs, —Ps, Bs + 06 + Br, —fr}.

We see that J) = sg,(J1), J5 = s8,88,58,(J1), and J, = sg,s5,(J;). Since
Ba, Bs, Bz € J{, the subsets J! span the same root system, and so determine the
same algebra gy. It follows that there is a single K conjugacy class of isomorphism
type 2su(2, 2) & sl(2, R).

The other assertions in the proof of Proposition 7 about K, conjugacy classes of
elliptic pseudo Levi subalgebras of other simple g can be established by arguments
similar to those above utilizing the simple root systems 77 defined in Appendix A.
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