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The Average and the Standard
Deviation

Averages, and 4, not revel in more comprehensive views, Their souts seem as dull 1o
the charm of variety as thar of the native of one of our Sflat English counties, whogse
rerrospect of Switzerland was that, if its mountains could be thrown into its lakes,
wWo nuisances would be 8ot rid of at once,

—SIR FRANC(S GALTON (ENGLAND, 182219 l)’

I INTRODUCTION

A histogram can be used to summarize large amounts of data. Often, an even
more drastic Summary is possible, giving just the center of the histogram and
the spread around the center. (“Center” and “spread” yre ordinary words here,
without any special technical meaning. ) Two histograms are sketched in figure |
on the next page. The center and spread are shown. Both histograms have the
same center, but the second one is more spread out—there s more area farther
away from the center. For statistical work, precise definitiong have to pe given,
and there are severs| Ways to go about this. The average is often used to find the
center, and so is the medjan 2 The standard deviation measures spread around the
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Figure 1. Center and spread.  The centers of the two histograms are the
sume, but the second histogram is more spread out.

Center
fA

: " .

—

o 25 50 75 100
e
Spread Spread

horizontal axis, in miles above (+) or below () sea level. The area under the
histogram between two elevations gives the percentage of the earth’s surtace area
between those elevations. There are clear peaks in this histogram. Most of the
surtace area is taken up by the sea floors, around 3 miles helowsea level; or the
continental plains, around sea level. Reporting only the center and spread of this
histogram would miss the two peaks.?

Figure 2. Distribution of the surface area of the earth by clevation above
(+) or below (—) sea level,
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2. THE AVERAGE

The object of this section is to review the average; the difference between
cross-sectional and longitudinal surveys will also be discussed. The context is
HANES—the Health and Nutrition Examination Survey, in which the Public
Health Service examines a representative cross section of Americans. This survey
has been done at irregular intervals since 1959 (when it was called the Health
Examination Survey). The objective is to get baseline data about—

* demographic variables, like age, education, and income;

* physiological variables like height, weight, blood pressure, and serum
cholesterol levels; '

« dietary habits;

* prevalence of diseases.

Subsequent analysis focuses on the interrelationships among the variables, and
has some impact on health policy.*

The HANES? sample was taken during the period 1976-80). Before looking
at the data, let's make a quick review of averages,
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The average ol 4 list of numbers cquals their sum, divided by how
many there are.

Forinstance, the list 9, 1,2, 2,0 has 5 entries, the first being 9. The average of the
list is

Y41 4+242+0 14

Let's get back o HANES. What did the men and worrien in the sample (age
18-74) fook tike?

* The average height of the men was 5 leet 9 inches. and their average weight
was 171 pounds.

¢ The average height of the women was 5 feet 3.5 inches. and their average
weight was 146 pounds.

They're pretty chubby.

What's happened since 19807 The survey was done again i 200304
(HANESS). Average heights went up by a fruction of an inch, while weights went
up by nearly 20 pounds—both for men and for womenn.

Figure 3 shows the averages for men and women, and for each age group:
averages are joined hy straight lines. From HANES? 1o HANESS, average heights
went up alitte in cach group—-but average werghts went up a lot. This could
become w serious public-health problem, because excess weight is associated with
many diseases, including heart disease, cancer. and diabetes.

Figure 3. Age-specitic average heights and weights Tor men and women
18574 in the HANES sample. The pancl on the left shows height, the
pancl on the right shows weight.
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The average is a powertul way of summarizing data-—many histograms
are compressed into the four curves. But this compression is achieved only by
smoothing away individual differences. For instance, in 200304, the average
height of the men age 18-24 was 5 feet 10 inches. But 15% of them were taller
than 6 feet | inch; another t5% were shorter thap S feet 6 inches. This diversity
is hidden by the average,

For a moment, we return to design issues (chapter 2). [n the 1976-80 data, the
average height of men appears to decrease after age 20, dropping about two inches
in 50 years. Similarly for women. Should you conclude that an average person got
shorter at this rate? Not really. HANES is cross-sectional, not longitudingl. Ina
cross-sectional study, different subjects are compared to each other at one point
in time. In a longitudinal study, subjects are followed over time, and compared
with themselves at different points in time. The people age 18~24 in figure 3 are
completely different from those age 65-74. The first group was born a ot later
than the second.

the secular trend. The people age 65-74 were born around 50 years before those
age 18-24, and are an inch or two shorter for that reason S On the other hand,
the secular trend has slowed down. (Reasons dre unclear.) Average heights only
increased a little from 1976-80 to 2003-04. The slowing also explains why the
height curves for 2003-04 are flatter than the curves for 1976-80.

If a study draws conclusions about the effects of age, And out
whether the data are cross-sectional or longitudinal.

Exercise Set A

I. (2) The numbers 3 and 5 are marked by crosses on the horizontal line below. Find
the average of these two numbers and mark it by an arrow,

3 5

(b) Repeat (a) for the list 3, 5. 5.
X
3 5

{¢) Two numbers are shown below by crosses on a horizontal uxis. Draw an arrow
pointing to their average.

T e—— e
2. Alist has 10 entries. Each entry is either | or 2 or 3, What must the list be if the
average is 17 If the average is 3?7 Can the average be 47
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3. Which of the following two lists has a bigger average? Or are they the same? Try
to answer without doing any arithmetic.

(i 10, 7,8 3,5 9 (i) 10, 7, 8, 3,5, 9, 11

4. Ten people in a room have an average height of 5 feet 6 inches. An 1 1th person,
who is 6 feet 5 inches tall, enters the room. Find the average height of ali 11 people.

5. Twenty-one people in a room have an average height of 5 feet 6 inches. A 22nd
person, who is 6 feet 5 inches tall, enters the room. Find the average height of all
22 people. Compare with exercise 4.

6. Twenty-one people in a room have an average height of 5 feet 6 inches. A 22nd
person enters the room, How tall would he have to be to raise the average height
by 1 inch? ’

7. In figure 2, are the Rocky Mountains plotted near the left end of the axis, the
middle, or the right end? What about Kansas? What about the trenches in the sea
Hoor, like the Marianas trench?

8. Diastolic blood pressure is considered a better indicator of heart trouble than Sys-
tolic pressure. The tigure below shows age-specific average diastolic blood pres-
sure for the men age 20 and over in HANESS (2003-04).5 True or false: the data
show that as men age, their diastolic blood pressure increases until age 45 or so,
and then decreases. If false, how do you explain the pattern in the graph? (Blood
pressure is measured in “mm,” that is, millimeters of mercury.)
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9. Average hourly carnings are computed each month by the Bureau of Labor Statis-
tics using payroll data from commercial establishments. The Bureau figures the
total wages paid out (to nonsupervisory personnel), and divides by the total hours
worked. During recessions, average hourly earnings typically go up. When the re-
cession ends, average hourly earnings often start going down. How can this be?

The answers to these exercises are on pp. A47—18,

3. THE AVERAGE AND THE HISTOGRAM

This section will indicate how the average and the median are related to
histograms. To begin with an example, there were 2,696 women age 18 and overin
HANESS (2003-04). Their average weight was 164 pounds. It is natural to guess



62 THE AVERAGE AND THE STANDARD DEVIATION [CH. 4]

Figure 4. Histogram for the weights of the 2,696 women in the HANESS
sample.  The average is marked by a vertical line. Only 41% of the women
were above average in weight.
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that 50% of them were above average in weight, and 50% were below average,
However, this guess is somewhat off. In fact, only 41% were above average, and
59% were below average. Figure 4 shows a histogram for the data: the average is
marked by a vertical line. In other situations, the percentages can be even farther
from 50%.

How is this possible? To find out, it is easiest to start with some hypothet-
ical data—the list 1, 2, 2, 3. The histogram for this list (figure 5) is symmetric
about the value 2. And the average equals 2. If the histogram is symmetric around
a value, that value equals the average. Furthermore, half the area under the his-
togram lies to the left of that value, and half to the right. (What does symmetry
mean? fmagine drawing a vertical line through the center of the histogram and
folding the histogram in half around that line: the two halves should match up.)

Figure 5. Histogram for the list 1,2,2,3. The histogram is symmetric
around 2, the average: 50% of the area is to the left of 2, and 50% is to the
right,
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What happens when the value 3 on the list 1,2, 2, 3 ig increased, say to 5
or 77 As shown in figure 6, the rectangle over that value moves off to the right,
destroying the symumetry. The average for each histogram is marked with an arrow,
and the arrow shifts to the right following the rectangle. To see why, imagine the
histogram is made out of wooden blocks attached to a stiff, weightless board. Put
the histogram across a taut wire, as illustrated in the bottom panel of figure 6. The

.
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histogram will balance at the average.7 A small area far away from the average
can balance 2 large area close to the average, because areas are weighted by their

distance from the balance point.

Figure 6. The average- The top panel shows three histograms; the aver-
ages are marked by arrows. As the shaded box moves to the right, it pulls
the average along with it. The area to the {eft of the average gets up to 75%.
The bottom panel shows the same three histograms made out of wooden
plocks attached 0 8 stiff, weightless poard. The histograms palance when

supported at the average
50% List: 1, 2 2,3
Q%

50%

0%
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A histogrum balunces whep supported at (he average, ?

Asmall child sits farther;lwzly from the center of a seesaw in order to halance

The median of , histogram is (he value with half (he drea to the lefr apg
half to the right. For all three histograms in figure 6, the median is 2. With the

second and third histograms, the area (o the right of (he median iy fuyr away by
Comparison with the area to the left. Consequemly, it you tried 1o balance one
of those histograms at (he median, it woyld tip to the right. More generally, the
average is to the right of the median whenever the histogram has a long right-hang
tail, as in figure 7. The weight histogram (figure 4 op p. 62) had an average of 64
ths and a median ot 155 Ibs. The long right-hang tail is what magde the average
bigger than the median.

Figure 7. rpe tails of 4 histogram.

Long right hand tail Symmetric Long left hand tail

Average is bigger Average is about the Averasge is smailer
than median Same as median than median
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For another example, median family income in the U.S. in 2004 was about
$54,000. The income histogram has a long right-hand tail, and the average
was higher—$60,000.3 When dealing with long-tailed distributions, statisticians
might use the median rather than the average, if the average pays oo much at-
tention to the extreme tail of the distribution. We return to this point in the next
chapter,

Exercise Set B

L. Below are sketches of histograms for three lists. Fil in the blank for each list: the
average is around - Options: 25, 10, 50, 6l), 75,

(3) (b) (e)

8] 50 100 o] 50 00 o 50 100

2. For each histogram in exercise 1, is the median equal to the average? or is it to
the left? to the right?

3. Look back at the cigarette histogram on p. 42. The median is around . Fill

in the blank. Options: 10, 20, 30, 40

4. For this cigarette histogram, is the average around 15, 20, or 257
5. For registered students at umiversities in the U.S., which is larger: average age or
median age?
6. For each of the tollowing lists of numbers, say whether the entries are on the
whole around 1, 5, or 10 in size. No arithmetic is needed.
@) 1.3, 09, 1.2, 08 by 13,9, 12, 8
() 7,3, 6, 4 () 7. =3, -6, 4

The unswers to these exercises are on pp. A48—49,

Technical note.  The median of a list is defined so that half or more of the
entries are at the median or bigger, and half or more are at the median or smaller.
This will be illustrated on 4 lists—

(a)y 1,5,7
(h) 1,2,5,7
() 1,2,2,7.8

(d) 8, -3,5,0, 1,4, —|

For list (a), the median is 5: two entries out of the three are 5 or more, and
two are 5 or less. For list (b), any value between 2 and § is a median; if pressed,
most statisticians would choose 3.5 (which is halfway between 2 and 5) as “the”
median. For list (¢), the median is 2: four entries out of tive are 2 or more, and
three are 2 or less. To find the median of ljst (d), arrange it in increasing order:

=3 —1, 0 I, -4, 5 38
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There are seven entries on this list: four are | or more, and four are | or less. So,
| is the median.

4. THE ROOT-MEAN-SQUARE

The next main topic in the chapter is the standard deviation, which is used
to measure spread. This section presents a mathematical preliminary, illustrated
on the list

0.5 -8 7 =3

How big are these five numbers? The average is 0.2, but this is a poor measure of
size. It only means that to a large extent, the positives cancel the negatives. The
simplest way around the problem would be to wipe out the signs and then tuke
the average. However, statisticians do something else: they apply the root-mean-
square operation to the list. The phrase “root-meun-square” says how to do the
arithmetic, provided you remember to read it backwards:

* SQUARE all the entries. getting rid of the signs.
* Tuke the MEAN (average) of the squares.
* Take the square ROOT of the mean.

This can be expressed as an equation, with root-mean-square abbreviated to
r.os.

. . . . . i
LS. size of a list = \/averagc of (entries~).

Example 1. Find the average, the average neglecting signs, and the r.m.s.
size of the list 0, 5, =8, 7, —3.

Solution.

0+5-8+7-3

average = =10.2
5

. . O+5+8+7+3

average neglecting signs = 3 =4.6
02 4+ 52 4 (=8)2 + 72 4 (—3)2

LIS, siZze = i ke )‘ et et = V29454

3

The r.m.s. size is a little bigger than the average neglecting signs. It always
turns out like that—except in the trivial case when all the entries are the same
size. The root and the square do not cancel, due to the intervening operation of
taking the mean. (The "2 means “nearly equal:” some rounding has been done.)

There doesn’t seem to be much to choose between the 5.4 and the 4.6 as a
measure of the overall size for the list in the example. Statisticians use the r.m.s.
size because it fits in better with the algebra that they have to do.” Whether this
explanation is appealing or not, don't worry. Everyone is suspicious of the r.m.s.
at first. and gets used to it very quickly.
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Exercise Set €

I. () Find the average and the r.ms, size of the numbers on the list
I, =3, 5, -6, 3.

(b} Do the same for the list -1, §. =9, —3 |5

_l’\.)

Guess whether the r.m.s. size of each of the following lists of numbers is around
110, 0r 20. No arithmetic is required.

)y 1.5, -7, 8, ~10. 9, -6, 512, -7

(h) 22, — 18, - 33, T30, 12,0, M4 -6, ~16

€y 2,000, -y, 0,0, -3 0, |

3Gy Find the rms. size of the list 7. 7, 7.7.
th) Repeat, for the list 7077 7.

+. Each of the numbers H3.96, 101, 104 is almos 100 but is off by some amount.
Find the rms. size of the amounts off,

5. The list 103, 96, TOT. 104 has an average. Find it. IZach number in the list is off
the averige by some amount. Find the r.m.s, size of the umounts off,

6.\ computer is programmed to predict regg Meores, compare them with eyl
seores,and find the rm s, size of the prediction errors. Glancing at the printout,
you see the rm.s. size of the prediction errors is 3.6, and the following resules for
the first ten students:

predicted score: 90y 87 80 42 70 o7 60 83 gy
actual score: 88 70 8185 63 77 66 49 71 a4y

Does the printwut seem reasonable, or is something wrong with (he computer?

The unswers 1o these o vereises are on p. A4Y,

5. THE STANDARD DEVIATION

As the quote at the beginning of the chapter suggests, it is often helptul to
think of the way a list of numbers spreids out around the average. This spread
is usually measured by a quantity called the standard deviation, or Sy, The SD
measures the size of deviations from the average: it is a sort of average deviation,
The progrum is o interpret the SD in the context of real data, and then see how to
caleulate it

There were 2,696 women age 18 and over in the HANESS sample. The av-
erage height of these women was about 63.5 inches, and the SD was close 1o 3
inches. The average tells us that most of the women were somewhere uround 63.5
inches tall. But there were deviations from the average. Some of the women were
tafler than dverage, some shorter, How big were these deviations? That is where
the SD comes in.

—— ————
The SD says how fur away numbers on a list are from their av-
crage. Most entries on the Jist will be somewhere around one SD
away from the average. Very few will be more than two or three
SDs away.



